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Abstract. We extend the Auslander-Buchweitz axioms and prove Cohen- 
Macaulay approximation results for fibred categories. Then we show that 
these axioms apply for the fibred category of pairs consisting of a finite type 
fiat family of Cohen-Macaulay rings and modules. In particular such a pair 
admits an approximation with a fiat family of maximal Cohen-Macaulay mod- 
ules and a hull with a flat family of modules with finite injective dimension. 
The existence of minimal approximations and hulls in the local, flat case im- 
plies extension of upper semi-continuous invariants. As an example of MCM 
approximation we define a relative version of Auslander's fundamental module. 

In the second part we study the induced maps of deformation functors and 
deduce properties like injectivity, isomorphism and smoothness under general, 
mainly cohomological conditions on the module. We also provide deformation 
theory for pairs (algebra, module), e.g. a cohomology for such pairs, a long 
exact sequence linking this cohomology to the Andre-Quillen cohomology of 
the algebra and the Ext cohomology of the module, Kodaira-Spencer classes 
and maps including a secondary Kodaira-Spencer class, and existence of a 
versal family for pairs with isolated singularity. 
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1. Introduction 

Let ^ be a Cohen-Macaulay ring of finite KruU dimension with a canonical mod- 
ule UJA- Let MCM^ and FIDa denote the categories of maximal Cohen-Macaulay 
modules and of finite modules with finite injective dimension, respectively. M. 
Auslander and R.-O. Buchweitz proved in [6j that for any finite ^-module N there 
exists short exact sequences 

(1.0. f) O^L — >M — >N^0 and ^ iV — > L' — > M' ^ 

with M and M' in MCM^ and L and L' in FID^. The maps M ^ N and N ^ L' 
in (II.O.II) are called a maximal Cohen-Macaulay approximation and a hull of finite 
injective dimension, respectively, of the module N. The association N i-^ X ioi X 
equal to M, M' , L and L' define maps (functors) of corresponding stable categories. 
In this article we study the continuous properties of these maps. 

Linear representations provided by (sheaves) of modules and the associated ho- 
mological algebra plays an important role in algebra and algebraic geometry, e.g. as 
a means for classification by providing invariants. Finite complexes have particular 
properties as seen in the Buchsbaum-Eisenbud acyclicity criterion and the intersec- 
tion theorems of Peskine, Szpiro and Roberts. However, for a non-regular local ring 
A, the standard homological invariants are given by the (generally) infinite minimal 
A-bee resolutions, of which very little is known. To stay within finite complexes 
one can enlarge or change the category of resolving objects and Cohen-Macaulay 
approximation is a structured way of doing this. 

Let Da denote the subcategory Addjw^} of modules D isomorphic to direct 
summands of the i^a'', r > 0. A part of the approximation result says that all the 
modules in FID^ have finite resolutions by objects in D^. In particular the MCM 
approximation in (|1.0.ip can be extended to a finite resolution 

(1.0.2) — > — > ... — > D-^ — > M — > N ^0 

with the C in D^. In the case A is Gorenstein, D^i equals the category of finite 
projective modules Pa- This generalises: By a result of R. Y. Sharp [3D] the functor 
Hom^(a;A, — ) gives an exact equivalence Da — Pa, hence a finite projective resolu- 
tion is associated to A^. In the case A is local, the approximations and the complex 
can be chosen to be minimal and unique (with D* = w®'* ) and in particular the 
are invariants of N . 

The developments since Auslander and Buchweitz' fundamental work [6^ has 
included studies of invariants defined by Cohen-Macaulay approximation; [T?l 1^121] 
among several, 'injectivity' and 'surjectivity' properties of the approximation maps; 
[30l im [31] , and characterisations of quasi- homogeneous isolated singularities; cf. 
[5S1 [33], all exclusively in the Gorenstein case. Noteworthy is [411 where A.-M. 
Simon and J. R. Strooker related some of these invariants with Hochster's Canonical 
Element Conjecture and the Monomial Conjecture. In particular these conjectures 
are equivalent to the vanishing of the (5-invariant of certain cyclic modules over 
all Gorenstein rings. S. P. Dutta applied the existence of a FID hull to prove a 
relationship between two of the Serre conjectures on intersection numbers: Failure 
of vanishing implies failure of higher non-negativity in the Gorenstein case under 
certain conditions, see |16| . 

Buchweitz' unpublished manuscript [12, . an important precursor to 6^, contains 
homological ideas which have become important in subsequent developments (e.g. 
[33]). Auslander and I. Reiten elaborated in [5] on [B], mainly with a view towards 
artin algebras, instigating several generalisations and analogies to Cohen-Macaulay 
approximation. 
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However, the 'relative' and continuous aspects have received surprisingly little 
attention. In [53] M. Hashimoto gave several new examples of Cohen-Macaulay 
approximation. Perhaps closest to our results is [23l IV 1.4.12] where an affine 
algebraic group G acts on a positively graded Cohen-Macaulay ring T which is flat 
over a regular base ring R. Hashimoto considers graded maximal Cohen-Macaulay 
T-modules (which automatically are i?-flat) and graded modules locally of finite 
injective dimension (not _R-flat in general), all with G-action. His result (with 
trivial group) is hence different from our Theorem 15.11 We also note some ex- 
plicit 1-parameter families of indecomposable finite length modules Nt (for many 
Gorenstein rings) such that the minimal MCM approximation Mt is without free 
summands, see [13]. 

A central part of the classification problem is to prove the existence of objects 
with certain properties and to estimate 'how many' such objects there are. A 
natural question is thus whether there is Cohen-Macaulay approximation for flat 
families of modules. In Theorem lS.ll we give a positive answer to this question. For 
a Cohen-Macaulay (CM) map h : S T (flat!) and an S'-flat and finite T- module 
J\f there are short exact sequences of S'-flat and finite T-modules 

(1.0.3) O^C — >M — >Af^O and O^M — >C' — > M' ^ 

such that the fibres of these sequences give 'absolute' approximations and hulls 
as in the two sequences (jl.O.lj) . Note that T in general is not a Cohen-Macaulay 
ring although the fibres of h are. We consider a category mod^ of pairs ^ = (/i : 
S r, TV) and subcategories MCM, FID and D. They are fibred over the category 
CM of CM maps (^ i— > h) and also fibred over the base category of noetherian 
rings (^ I— >■ S) . The approximation and the hull (I1.0.3P induces functors of certain 
quotient categories fibred in additive categories over CM 

(1.0.4) mod"/D^MCM/D and mod"/D ^ FID/D 

with analogous properties to the absolute case, li h : S ^ T is a local CM map, 
there is an analogous approximation result with minimal choices of the two se- 
quences in (II.0.3L see Corollarv l6.3l 

A major consequence of these results is that any (numerical and additive) upper 
semi-continuous invariant of MCM or FID modules by the minimal approximations 
and hulls induces upper semi-continuous invariants for all finite modules, see The- 
orem 16.51 Examples of such invariants are given by the w^-ranks in the minimal 
representing complex D*(N) which is an (infinite) extension to the right of the 
D^-complex in (|I.0.2p . 

Auslander's fundamental module Ea for a normal 2-dimensional singularity 
Spec A is given by the CM approximation of the maximal ideal; 

(1.0.5) 0~^ujA — > Ea — ^ ^ 

which in a certain sense generates all almost split sequences for A, see [7]. As a 
general example of flat Cohen-Macaulay approximation we define the fundamental 
module for any finite type CM map of pure relative dimension ^ 2, see Corollarv l7.3l 
and more generally a 'fundamental' functor of projective modules in Proposition 

An attractive feature of Auslander and Buchweitz' theory is its axiomatic for- 
mulation with several applications besides the classical case described in the first 
paragraph, e.g. coherent rings with a cotilting module, the graded case, approxima- 
tion with modules of Gorenstein dimension 0, and coherent sheaves on a projectively 
embedded Cohen-Macaulay scheme. See [3] and [13] for more examples. We for- 
mulate a relative Cohen-Macaulay approximation theory axiomatically in terms of 
categories D C X C A fibred in abelian and additive subcategories over a base 
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category C. In addition to the Auslander-Buchweitz axioms (ABl-4) for the fibre 
categories we formulate two axioms (BCl-2) regarding base change properties of the 
fibred categories. ABl-2 and BCl-2 imply the existence of an approximation and 
a hull which are preserved by any base change, see Theorem 14.41 If AB3 holds too, 
we get functoriality and adjointness properties in suitable stable categories fibred in 
additive categories, see Theorem 14. 5 1 In the case described above C = CM, A is the 
category mod of pairs (/i : 5* — t- T, A/") where TV is a finite T-module (no 5-flatness!) 
and X = MCM. Presently we consider only this example (and local variants of it), 
but there are several other natural applications of the relative theory. 

In the second half of the article we proceed to study properties of continuous 
families of MCM approximations and FID hulls by homological methods. As a 
consequence of the existence of minimal approximations and hulls of local flat fam- 
ilies there are induced natural maps of deformation functors of pairs of algebra and 
module: 

(1.0.6) Def(^^) — > Def(^ for X = M, M' , L and L' , 

and there are corresponding maps Def^ — >■ Def^ of deformation functors of the 
modules where A only deforms trivially. Rather weak grade conditions on N imply 
the injectivity of these maps for X — L' (or L) . If there in addition exists a versal 
family in Def(^ (or Def^) then the maps are isomorphisms for the appropriate 
category of henselian rings, see Theorem 19.41 and Corollarv 19.51 As a consequence 
each CM algebraic A:-algebra A with A/mA = k and dim A^ 2 has a finite A- module 
Q' of finite projective dimension with a universal deformation in Def g/ (A) , see 
Corollarv 19. 71 Proposition l9 . 81 says that if A is Gorenstein and dim A — depth iV = 1 
then Def(^jY-) ^^i(A,M) smooth. 

Consider a quotient ring B = A/I defined by a regular sequence I ~ (/i, . . . , /„) 
and an MCM i?-module N. Then N is also an A-module with an MCM approxi- 
mation M ^ N . UN has a lifting to AjP' , then the composition of natural maps 
Def^ — >■ Def;)^ — >■ Def^j is injective, see Theorem lll.il It turns out that the lifting 
condition is equivalent to the splitting of B®aM N. This generalises [SI 4.5] 
and might have a certain independent interest. 

The second part of the article also contains some general deformation theory of 
a pair (/i : S* — > T,M) of an algebra and a T-module. We define the graded algebra 
r ■.= T(bN and consider the graded Andre-Quillen cohomology oH*(5', F, J) which 
govern the obstruction theory of the pair. In the case the graded T-module J is 
concentrated in degree and 1 there is a natural long-exact sequence which in the 
case J = r (with oH*(S', T) = oH*(S', T, T)) gives the suggestive 

^ Endj.(7V) ^ oDers(r) Der5(T) Ext^(7V,A/') ^ aii\S,r) R\S,T) 
Ext| {JV, A/") ^ oH^ (5, r) ^ (5, T) ^ . . . 

It relates the cohomology of the pair with the cohomology groups governing the 
obstruction theory of the algebra T and of the module TV. The sequence is used in 
the proof of the existence of a versal element in Def ^-j where Spec A is an isolated 
equidimensional singularity and N is locally free on the smooth locus, see Theorem 
110.11 It is also used to define and study the Kodaira-Spencer class K{r/S/0) in 
oB.^{S,r,ns/o'»r) (where O ^ S is a another ring homomorphism) which maps 
to the ungraded Kodaira-Spencer class k{T/S/0). In the case the latter is zero 
we define a 'secondary' Kodaira-Spencer class K{a,N) in Ext^(7V, Q,g/c>®N) which 
depends on a choice of an S'-algebra splitting a. This enables us to define 'global' 
Kodaira-Spencer maps 

(1.0.7) : Dero(S') ^ oH^S*, T, T) and g^"^^^ : Dero(S') ^ Ext^^ (A/", AA) . 
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We also describe how classes and maps are related to the Atiyah class at jo (A/") in 
Ext^(A/', ^It/o®-^)- These results might have a certain independent interest. The 
arguments are general and can be formulated in the setting of L. lUusie's p5] . 

Injectivity of the corresponding local Kodaira-Spencer maps gives a criterion 
for a global flat family to be non-trivial. The Kodaira-Spencer maps commute 
with Cohen-Macaulay approximation and this is applied to show that injectivity 
of the Kodaira-Spencer map is preserved by Cohen-Macaulay approximation under 
certain 'global' conditions akin to the local ones in Theorem 19.41 and lll.ll 

To make the text more reader friendly we have included some background mate- 
rial, e.g. on Cohen-Macaualy approximation and Kodaira-Spencer maps, and some 
of the central technical tools such as a general 'cohomology and base change' result 
and some language of fibred categories. Many results have analogous parts with 
similar arguments and the policy has been to give a fairly detailed proof of one case 
and leave the other cases to the reader. 



2. Preliminaries 

All rings are commutative. If A is a ring, Modyi denotes the category of A- 
modules and modyi denotes the full subcategory of finite A-modules. If A is local 
then rriA denotes the maximal ideal. Subcategories are usually full and essential. 



2.1. Categorical Cohen-Macaulay approximation. We briefly recall some of 
the main features of Cohen-Macaulay approximation as introduced by Auslander 
and Buchweitz in [g^. In this section let A be an abelian category and D C X C A 
additive subcategories. Let X denote the subcategory of A of objects N which have 
finite resolutions — >■ M„ -> . . . ^> Afg A^ ^ with the Mi in X. If n is the 
smallest such number, then X- res. dim A^ ~ n. Let X-inj.dimA^ be the minimal n 
(possibly o6) such that Ext5\(M, A^) = for all i> n and all M in X. Let X-'- denote 
the subcategory of objects L in A with X-inj.dimL = 0; the right complement of 
X. The left complement ^X is defined analogously. 

Let A^ be an object in A. An X- approximation and a D-huU of A^ are exact 
sequences as in (ll.O.ip with L, L' in D and M, M' in X. 

In general any / : Af — > A^ in A is called a right X- approximation of N if M is 
in X and any /' : Af — )> A^ with M' in X factorises through /. Dually, g : N ~> L 
is called a left X- approximation of N ii L is in X and any g' : N L' with L' in X 
factorises through g. 

Consider the following conditions on the triple of categories (A, X, D). 

(ABl) X is exact in A (X is closed under direct summands and extensions). 
(AB2) D is a cogenerator for X, i.e. for each object M mX there is an object D 

in D and a short exact sequence M ^ D ^ M' with M' in X. 
(AB3) D is X-injective, i.e. D C X^. 

(AB4) A-epimorphisms in X are admissible (i.e. their kernels are contained in X). 

If ABl and AB2, there exist X-approximations and D-huUs for all objects in X [51 
1.1]. Assume ABl-3. Then any X-approximation is a right X- approximation and 
any D-hull is a left D-approximation. An X-approximation determines a D-hull 
and vice versa through the following diagram of short exact sequences; the upper 
horizontal and right vertical being an X-approximation and a D-hull of A^, D is in 
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D. The boxed square is (co)cartesian (see [SJ 1.4]): 

(2.0.8) L 

II I □ I 
L ^ D ^ L' 

\ \ 
M' = M' 

Moreover, the category D is determined by X C A. Indeed D X n X^. By fffj 3.9] 
monomorphisms in D are admissible and D = X n X-^. Also X = -LDnX = -LDnX. 
If X/D denotes the quotient category, the X-approximation induces a right adjoint 
to the inclusion functor X/D C X/D and the D-huU induces a left adjoint to the 
inclusion functor D/D C X/D, see 2.8]. 

A morphism f : AI N in A is called right minimal if for any g : M ^ M 
with fg = fit follows that g is an automorphism. Dually, / is called left minimal 
if for any h : N N with hf = f it follows that h is an automorphism. Note 
that if f : M N and / : Af ' — ^ N both are right minimal then there exists an 
isomorphism g : M ^ M' with / = f g, and similarly for left minimal morphisms. 

We will simply call an X-approximation (a D-huU) for minimal if it is right (left) 
minimal. 

Example 2.1. Suppose A is a Cohen-Macaulay ring which posses a canonical mod- 
ule oja in the sense that any localisation in a maximal ideal gives a maximal Cohen- 
Macaulay module of finite injective dimension and Cohen-Macaulay type 1, cf. [TTl 
3.3.16]. Let MCMa denote the category of maximal Cohen-Macaulay (MCM) A- 
modules and put D^ := Add{wA}. Then the triple (A,X, D) = (mod^, MCM^, Da) 
satisfies properties ABl-4, cf. [531 I 4.10.11] and X ~ modA. If A in addition is 
a local ring, then the MCM^-approximation and the D^-huU can be chosen to be 
minimal, cf. [41] Sec. 3]. 

Let FID^ denote the subcategory of finite A-modules E which have locally finite 
injective dimension, i.e. inj.dim^^ Ep < oo for all p G Spec A. The approximation 

result implies that FIDJ4 = D^: Let L be in D^. By induction on D^- res. dim L 
L is in FID^. Conversely let be in FID^. li L ^ M ^ E is an MCM/i- 
approximation of E then M also has locally finite injective dimension. Let 
denote Hom^(M, w^) and choose a surjection A®" — > M^. Both Af^ and the 
kernel Mi are MCM. Applying HomA(— ,a;A) gives (by duality theory) the short 
exact sequence M 4 w^" M]^ . But i splits since ExtA(Afi^, Af) = bv [TTl 
3.3.3] and so M is in Da and E is in Da. 

2.2. The representing complex. Consider an abelian category A and additive 
subcategories D C X C A. A DX-resolution of an object in A is a finite resolution 
-C* N with -C' e D for i < and "C" e X. If L := coker(d-2 : "C-^ ^ 
"C"^), then the short exact sequence L — > N is an X-approximation. 

A DD -coresolution of is a coresolution N +C*{N) such that +C° £ D, 
"•"C* G D and kerd* e X for i > 0. If M' := kerd^ then the short exact sequence 
N +C" M' is a D-hull. Given ABl and AB2, each A^ in X has a DX- 
resolution and a DD-coresolution. Finally, a bounded below D-complex D*{N) : 
. . . D"^ — > —!>... with kerd* G X for alH ^ and its only non-trivial 
cohomology in degree zero with Yi^{D*) = N is called a D-complex representing N. 
A representing complex splits into (and is reconstructed from) a DX-resolution given 
by ... ker dP E°{D*) = iV and a DD-coresolution N ^ cokerd^^ 

^ . . . where A^ ^ cokerd"^ is induced by kerd" ^ 
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Lemma 2.2. Assume Ext^(X, D) = 0. Suppose f : Ni N2 is in X. Assume 
F*{Ni) exists for i — 1,2 where F*{Ni) denotes one of the complexes ^C*{Ni), 
+C*(-/Vi) or D*{Ni). Then f can be extended to an arrow of chain complexes 
f* : F*{Ni) — ^ F*(N2) which is uniquely defined up to homotopy. 

Assume ABl-3 for the triple of categories (A,X, D). Then N 1-^ -~C*{N), N 
+C*(iV) and N t-^ D*{N) induce functors to the homotopy categories of chain 
complexes as follows: 

-C*:X^K^{X) +C*:X^K+(D) D* : X/D ^ K+(D) 

Proof. The proof for ^C*{N) and +C*(A^) follows standard lines for constructing 
chain maps and homotopies. The assumption Ext^(X, D) = is used every time a 
lifting or extension of an arrow is required. 

Let {D*,d*) = D*{N,) and let M, = kerd^ and Li = imd~^ Then there are 
short exact sequences Li — J> Mi — J> Ni which by assumption are X-approximations. 
Since Ext^(Mi, L2) — 0, the arrow Ni N2 extends to the X- approximation and 
further on to the negative part of the complexes. If = kerd^^ then the are 
in X by assumption and there are short exact sequences Mi — > — > M^. There 
is an extension of Mi D2 to ^-nd an induced arrow M[ -> Afj which 

again extends and so on to a chain map f*:Dl^ Dj. 

Let g* : Dl D2 be a chain map, put g — H°(g*), s = f—g and s* = f*~g*. 
Suppose s factors through D in D; s = ab with a : £> — > A^2- Since Ext^(_D, L2) — 
there exist a lifting a : _D — > M2 of a. Put hj^ — ab and continue similarly to 
construct a homotopy h for the extended negative part: 

^ ^ Ml ^ TVi ^ 




^ D^^ ^ D^^ ^ M2 ^ N2 ^ 

In particular /im : Mi can be extended to an : D\ with 

s~^ — h^di^+d2^h~^ . The construction of the /i* for i > is standard. □ 

Lemma 2.3. Assume ABl-3 for the triple of categories (A, X, D). Given an exact 
sequence e : — > A'^i — > N2 — >■ N^, — >■ with objects in X. Then there are exact 
sequences of complexes where e equals the cohomology: 

(i) ^ -C*{Ni) — y -C*{N2) — > "C*(A^3) -> 

(ii) ^ +C*{Ni) +C*{N2) +C*(iV3) ^ 

(iii) ^ D*{Ni) — > D*{N2) — > D*{N3) -> {termwise split exact) 

Proof. Choose X-approximations Li Mi Ni for i — 1,3. There is an 3x3 
commutative diagram of 6 short exact sequences which extends the "horseshoe" 
diagram, cf. ^31 1.12.11]. One obtains an X-approximation of N2 and short exact 
sequences m : Mi — > M2 — > A/3 and Li ^ L2 ^ L3 in X and D respectively since 
both categories are closed by extensions (by ABl and |Bi 3.8]). If D*[l] ^ Li are 
finite D-resolutions then since Ext\iD^^,Li) = there is a lifting 773 : ^ — > L2 of 
773 which combined with r]i gives 772 : U -03^^ L2. The kernels of the resulting 
arrows between short exact sequences give a short exact sequence of objects in D(5). 
The argument is repeated. Splicing with m in degree zero the short exact sequence 
of ~C*-resolutions in (i) is obtained. 

Choose short exact sequences Mi — M^ for i = 1,3 as in AB2. Since 

Ext^(M3, D\) = there is an extension to an arrow of short exact sequences from 
m to Dl ^ Dl ^ Dl with D^ = D°l[D° and M^ cokcr(Af2 D^) e X 
by ABl. Repeated application of this argument gives a short exact sequence of 
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D-coresolutions and splicing with the sequences in (i) gives (iii). Pushout of Mi — >■ 
-4 AI- along Mi Ni gives a short exact sequence of D-huUs and splicing with 
D} ^ Df ^ ... gives {ii). □ 

2.3. Base change. The main tool for reducing properties to the fibres in a flat 
family will be the base change theorem. We follow the quite elementary and general 
approach of A. Ogus and G. Bergman ^37;- 

Definition 2.4. Let h : S ^ T he a ring homomorphism, / an ^-module, N a 
T-modulc. For each u E I there is a natural T-linear map (p{u) : N — > N^sl', 
n H> n®u. Let F he an S'-linear functor of some additive subcategory of Mods 
to Mody. Then the exchange map e/ for F is defined as the T-linear map e/ : 
F{S)®sI ^ given by S,(E)u i-^ (f{u)^,£^. Let m-SpecT denote the set of closed 
points in SpecT. 

Proposition 2.5. Let h : S ^ T he a ring homomorphism with S noetherian. 
Suppose {F'^ : mods ~^ rnod^lq^o an h-linear cohomological 6-functor. 

(i) // the exchange map e^^^^ : F''{S)(E)sS/n — F''{S/n) is surjective for all 
n m Z = im{m-SpecT ^ SpecS*}, then e] : F'i{S)®sI F'i{I) is an 
isomorphism for all I in mods. 

(ii) If ^s/n ^•^ surjective for all n in Z , then e| is an isomorphism for all I in 
mods if and only if F'^^^{S) is S-flat. 

Note that if the F"^ in addition extend to functors of all S'-modules F"^ : Mods 
Modr which commute with direct limits, then the conclusions are valied for all / 
in Mods. 

Example 2.6. Suppose S and T are noetherian. Let K* : K° ^ ^ . . . 
be a complex of S'-flat and finite T-modules. Define F"^ : mods ^ modr by 
F''{I) = H''(i4r*(g)s/). Then {-F'^jq^o is an ft,-hnear cohomological (5- functor which 
extends to all S'-modules and commutes with direct limits. 

Example 2.7. Suppose S and T are noetherian. Let AI and N he finite T- 
modules with N S'-flat. Then the functors : mods ^ modr deflned by F'^{I) = 
Ext^ (M, iVOs/) for g ^ give an /i-linear cohomological (5-functor which extends 
to all S-modules and commutes with direct limits. 

Let S T and S -J> S" be ring homomorphisms, M a T-module, T' = T®sS' 
and N' a T'-module. Then there is a change of rings spectral sequence 

(2.7.1) E^^« = Ext«„(Tor^(M, S'),N') ^ Ext^+«(M, N') 

which, in addition to the isomorphism }Iomrp,(M(E)sS' , N') = Iiomrj.{M, N'), gives 
edge maps Ext^, (M(g)sS", A^') Ext'^{M, N') for g > which are isomorphisms 
too if M (or S") is S'-flat. If /' is an S"-module we can compose the exchange map 
Cj, (regarding /' as S-module) with the inverse of this edge map for N' = N^sl' 
and obtain a map c|, of T'-modules 

(2.7.2) cf, : Ext^(M, A)(g)s/' -> Ext^, (M®sS", A^(»s/') • 

Remark 2.8. This is the base change map (in the affine case) considered by A. 
Altman and S. Kleiman, their conditions are slightly different, see [1] 1.9]. 

We will use the following geometric notation. Suppose h : S —?' T is a, ring 
homomorphism, M is a T-module and s is a point in Spec S with residue field k{s). 
Then Ms denotes the fibre M(8)sfc(s) of M at s with its natural = TiS)sk{s)- 
module structure. Now Proposition 12 . 51 implies the following: 
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Corollary 2.9. Suppose S ^ T and S ^ S' are homomorphisms of noetherian 
rings, M and N are finite T -modules, Z = ini(m-Spec T — > SpecS*) and q is an 
integer. Assume that M {if q > 0) and N are S-fiat. 

(i) // Extp^^ (Ms, Ng) = for all s in Z , then cj, in (j2.7.2p is an isomorphism 
for all S' -modules I' . 

(ii) If in addition Ext^7^(Afs, TV^) = for all s £ Z, then Ext^(Af, N) is S-flat. 

3. Categories fibred in additive categories 

We will phrase our results in the language of fibred categoriesQ We therefore 
briefly recall some of the basic notions, taken mainly from A. Vistoli's article in 
[IS] . Then we define quotients of categories fibred in additive categories. 

Consider a category C. Given a category over C, i.e. a functor p : F — > C. To an 
object T in C, let F(T); the fiber of F over T , denote the subcategory of arrows 
in F such that p{}p) = idr- An arrow (/?! : ^ — >■ in F is cocartesian if for any arrow 
V'2 : C ^ 6 in F and any arrow /21 : _p(Ci) p{^2) in C with /2ip(<^i) = pi(p2) 
there exists a unique arrow (p2i ■ £,1 ^ ^2 with p{ip2i) — /21 and if2i'Pi — ^2- If 
for any arrow / : T — >■ T' in C and any object ^ in F with p[^) = T there exists a 
cocartesian arrow : ^ — > ^' for some ^' with p{ip) = f, then F (or rather p : F — ^ C) 
is a fibred category. Moreover, ^' will be called a base change of ^ by /. If ^" is 
another base change of <^ by / then ^' and are isomorphic over T' by a unique 
isomorphism. We shall also say that a property P of objects in the fibres of F 
is preserved by base change if P(^) implies P{C) for any base change ^' of ^. A 
morphism of fibred categories is a functor _F : Fi — )■ F2 with P2F = pi such that tp 
cocartesian implies F{ip) cocartesian. If F in addition is an inclusion of categories, 
Fi is a fibred subcategory of F2. A category with all arrows being isomorphisms 
is a groupoid. A fibred category F over C is called a category fibred in groupoids 
(often abbreviated to groupoid) if all fibres F(T) are groupoids. Then all arrows 
in F are cocartesian. If all fibres F(r) only contain identities, then F is called a 
category fibred in sets. 

Lemma 3.1. Given functors _F : F — S- G and g : G — > C and suppose q is fi- 
bred in sets. Then F is fibred [in groupoids / sets) if and only if qF is fibred {in 
groupoids / sets). 

If T is an object in a category C let C/T denote the comma category of arrows 
to T. Then the forgetful functor C/T — )■ C is fibred in sets, lip : F C is fibred (in 
groupoids/sets), ^ is an object in F and T — p(^), then there is a natural functor 
PC ■ F/^ C/T. The composition F/^ F C is clearly fibred (in groupoids/sets) 
and hence F/^ C/T is fibred (in groupoids/sets) by Lemma [3.11 If p : F — > C is 
a functor and C is a subcategory of C we can define the restriction p' : V^qi ^ C 
of F to C by picking for F|C' the objects and morphisms in F that p takes into C. 
It follows that is fibred (in groupoids/sets) if F is. 

The composition of two cocartesian arrows is cocartesian and isomorphisms are 
cocartesian. Hence the subcategory Fcoca of cocartesian arrows in a fibred category 
F over C is fibred in groupoids. If F is fibred in groupoids there is an associated 
category fibred in sets F C defined by identifying all isomorphic objects in all 
fibres F(T) and identifying arrows accordingly. If F is fibred in sets one defines a 
functor T : C ^ Sets by T(T) := F(T) and F{f) : F{T) -■ F{T') is defined by 
F{f){^) :~ rj^^j where (p^^j : ^ — rj^j is the (in this case) unique cocartesian lifting 

"'^We have chosen to work with rings instead of (affine) schemes. Our definition of a fibred 
category p : F — > C reflects this choice and is equivalent to the functor of opposite categories 
pop . pop _^ Qop being a fibred category as defined in il8i . M. Artin called p a cofibred category 
in [3], but this seems not to be common usage. 
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of /. From a functor G : C — s> Sets one defines a category fibred in sets, and these 
two operations arc inverse up to natural equivalences. 

Definition 3.2. An additive (abelian) category F over C is a functor p : F — > C 
such that: 

(i) The fibre F(T) is an additive (abelian) category for all objects T in C. 

(ii) For all objects and ^2 in F and arrows / : p{£,i) p{^2) in C, 

Homy(Ci,6) — W e HomF(Ci,6) IpCv') = /} 
is an abelian group, and composition of arrows 

Horn (,^2 , 6 ) X Hom^.^ 1 , ^2 ) ^ Hom (6 , 6 ) 
is bilinear. 

A morphism : Fi — >■ F2 of additive (abelian) categories over C is a linear functor 
F over C, i.e. which gives linear maps of Hom-groups. If in addition F is an inclusion 
of categories then Fi is an additive (abelian) subcategory of F2 over C. A category 
F over C is fibred in additive (abelian) categories, abbreviated by FAd (FAb), if 
F is both fibred and additive (abelian) over C. Morphisms should be linear and 
preserve cocartesian arrows. A FAd subcategory is a morphism of FAds which is 
an inclusion of categories. For i = 1, 2 let be a FAb over C and C A.; a FAd 
subcategory such that the fibre categories Xi(T) are exact. Then a morphism of 
FAds : Xi — !• X2 is exact if F preserves short exact sequences for all the fibre 
categories. 

Note that in a FAd finite (co)products in the fibres are preserved by base 
change. Given a FAd subcategory D C F. Two arrows (pi and (p2 in F are D- 
equivalent if p{(pi) — pi'P2) and ipi — ip2 factors through an object in D. Write 
ipi ~ (f2- Define the quotient category F/D over C to have the same objects as 
F and Homp/D(Cii?2) Homp(^i,^2)/ ~- The natural map to C makes F/D an 
additive category over C and the natural functor F — s> F/D is linear over C. 

Lemma 3.3. If ipi : ^ — ^1 is cocartesian in F and <y5 : ^1 — > ^2 is any arrow such 
that ipipi ^ then ip ^ 0. 

Proof. Suppose ipipi = (3a with a : ^ — )■ 5 and with S in D. If p(/3) : T' ^ T2 then 
since D is a fibred subcategory there exists an arrow S ^ 62 which is cocartesian 
in F and with ^(^2) — p{^2) — 72. Replacing S with S2 we assume p{d) = T2. Since 
ipi is cocartesian there exists a unique arrow r : ^1 — > (5 with ripi = a. Since ipi is 
cocartesian uniqueness implies that /3r = f. □ 

Lemma 3.4. Given a FAd subcategory D C F over C, then the quotient category 
F/D is FAd over C and the quotient morphism F — >■ F/D is a morphism of FAds. 

Proof. We first show that ii ipi : ^ ^1 is cocartesian in F then its image [(pi] 
in F/D is cocartesian. Given ip2 ■ £, £,2 and : £,1 £,2 with 9ipi = (p2. 
Suppose 6' : £1 ^ £2 with p{6') — p{9) satisfies 9'ipi ^ ip2. li (p = 9' — 9 then 
pipi ~ so by Lemma 13.31 p ^ 0. Now we show that [9\ is independent of the 
representations of the other maps. Let p[ : £ ^ £i with p'^ ipi and suppose (as 
we may) that 9' satisfies 9'p}[ = (^2 with p{9') = p{9). Again let p = 9' — 9. Then 
pi'2 — p2 ~ ()'p'i~()pi = &'iPi^Pi) + PPi ^ P'Pi- Bv Lemma l3.3l y) ^ 0. Given 
f : T ^ Ti and £ in F/D with p{£) = T there exists a cocartesian (pi : ^ -> ^1 in F 
with p{pi) — f and by what we have done [p>i] is cocartesian in F/D. □ 

Note that there are in general more cocartesian arrows in F/D than those in the 
image of cocartesian arrows in F. The following lemma characterises the cocartesian 
arrows in the quotient category: 
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Lemma 3.5. // p and 9 are composeable arrows in F with p cocartesian and 9 
inducing an isomorphism in F/D, then [9p\ is cocartesian in F/D. Conversely, 
suppose [ifi] : ^1 ^ ■^2 is cocartesian in F/D over / : Ti — s> T2. Then for any base 
change p '■ £,1 ^ £,f of ^1 over f in F, the induced arrow ■ £,f ^ £2 gives an 
isomorphism in F/D(T2). 

Proof. If /9 : ^1 — ^2 is cocartesian and [9] : ^2 is an isomorphism, let ip = 9p. 

If T : f 1 — J- ^4, p{£,i) = Ti and there is a map f : T3 T4 with p(r) = ,fp{9)p{p), 
then there is a unique arrow p ■ £2 ^ £4 above fp{9) with pp — r. This gives 
the arrow : Ca ~^ ^4- f-i '■ £.3 ^ £,4 for i = 1,2 are two arrows with 

= [r], then [/ii][^?] ~ [fJ-2][9] since [p] is cocartesian in F/D by Lemma [3.41 
Since [9] is an isomorphism, [pi] — [p2]- 

Conversely, since [(p] is cocartesian there is a unique arrow '■ £2 ^ £f in 
F/D(T2) with [iptp] — [p]. By Lemma IX4l [p] is cocartesian. It follows that [ip"^] = 
[^]-\ ^ □ 



4. COHEN-MACAULAY APPROXIMATION IN FIBRED CATEGORIES 

Given a category C and a category A fibred in abelian categories over C. Base 
change by an / : T — > T' in C applied to the objects in a complex . . . -> Nd — 
Nd-i — > ... in A(r) can by Lemma 13.31 be uniquely extended to a complex and 
yield a commutative diagram where the vertical arrows are the cocartesian base 
change arrows: 

^ Nd+i ^ Nd ^ Nd-i ^ • ■ • 

III 
1 N* ^N*_, • . • 

Similarly base change of a commutative diagram A in A(r) gives a commutative 
diagram A"^ and the base change arrows give an arrow of diagrams A — >■ A"*^. 

Let X C A be a FAd subcategory. Consider the following two conditions on the 
pair (A, X) and an object T in C. 

(BCl) If a : Ai — ^2 is an epimorphism in A(T) and / : T — > T' is an arrow in 
C then any base change of a by / is an epimorphism in A(T'). 

(BC2) Let ^ : ^ A -> B ^ A/ ^ be an exact sequence in A(r) with M in 
X(T) and / : T ^> T' is an arrow in C. Then any base change of ^ by / is 
an exact sequence in A(T'). 

The first condition would be satisfied if base change had a right adjoint. The second 
condition mimics fiatness for all objects in X(T). 

The following is an elementary, but essential technical consequence of BCl. 

Lemma 4.1. Let A be a category fibred in abelian categories over C which satisfies 
BCl for T in C. Let c : . . . — L„ — )■ L„_i — )■ ... be an acyclic complex in 
A{T) which remains exact after a base change ...—>■ L^ — > L^_-^ — > ... of c by 
f : T ^ T' . Then base change of Kn '■— ker{d„_i : L„_i — > Ln-2} by f is 
isomorphic to ker(i^_]^ for all n. 

Proof. Let Qn — kerd^_^. Since the composition — > L^_^ -^^-2 ^y Lemma 
13.31 is zero (as Kn is cocartesian), there is a factorisation p : Kf Qn of 

-> On the other hand the composition L^^-^ Lf Kf is zero too, 

hence there is an arrow from cokerd^_^j^ = Qn to which is a section of p. By 
assumption Lf^ is an epimorphism. It follows that Qn = K^. □ 
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Definition 4.2. Given FAd subcategories D C X C A. Let X^(T) denote the 
additive subcategory of A(T) with objects N which have a finite X-resolution Af* 
N which is preserved as resolution by any base change. Let X'^ C A denote the 
resulting FAd subcategory. Let D^(T) denote the additive subcategory of A(T) with 
objects L which have a D(T)-resolution D* L which is preserved as resolution 
by any base change. Let C A denote the resulting FAd subcategory. 

The reasoning in the beginning of this section combined with Lemma 12.21 gives 
the following. 

Lemma 4.3. Let rj : . . . ^ E„ — > En-i — > . . . and X : . . . ^ Fn ^ Fn-i — > . . . be 
complexes in A{T) and rj"^ and the complexes resulting from base change over 
f : T T' . If rj is homotopic to X then rj"^ is homotopic to X"^ . 

In particular] if N in A{T) has one DX-resolution (DD-coresolution) which is 
preserved by base change then all DX-resolutions {DD -coresolutions) are preserved 
by base change. 

Theorem 4.4. Let A be a category fibred in abclian categories over C and let 
D C X C A &e inclusion morphisms of categories fibred in additive categories. Fix 
an object T in C. Assume BCl-2 for (A,X) and T, and ABl-2 for the triple 
of categories (A(T), X(T), D(r)). Then any object N in X*'(r) admits an X(T)- 
approximation and a D(T)-hull; 

^ L — > M — > N ^0 and 0^ N — > L' — > M' ^ 

with M and M' in X(T) and L and L' in D^{T), which are preserved by any base 
change. 

Proof. The proof is a variation of the original proof of 6, 1.1]. For every N in 
X^{T) let r{N) denote the minimal length of an X(T)-resolution Af, -» N which is 
preserved by base change. The proof is by induction on r{N). If r{N) — then N is 
in X and so is its own X-approximation, while AB2 provides a short exact sequence 
N ^ D ^ M' which is a D(T)-hull with D in D(T) C □^'(r). The approximation is 
trivially preserved by base change, the hull because of BC2. Assume r = r{N) > 
and let Mr Mq ^ iV be an X(r)-resolution of minimal length 

preserved by base change. Then iVi = ker(Afo N) is in X^(r) by Lemma O 
and r{Ni) = r - 1. By induction there is a D(r)-hull Ni L ^ M[ with L in 
which is preserved by base change. Pushout of e : iVi — > A/q N along Ni ^ L 
gives an X(T)-approximation L — > Af — > by ABl. In the commutative diagram 
obtained by a base change; 

(4.4.1) N* ^ M* ^ N* 

I I II 

L* M* N* 

\ \ 

(Mi)* = (Mi)* 

the upper row (by Lemma HT|) and the columns (by BC2) are short exact sequences. 
It follows that the middle row is a short exact sequence. 

By AB2 there is a short exact sequence M ^ D ^ M' with D in D(T) and M' 
in X(r). Pushout of Af — Z? ^ M' along M ^ N gives a short exact sequence 
h : N ^ L' ^ M' . Since the induced sequence L ^ D ^ L' is short exact, L' is 
contained in D{T). Applying a base change we obtain the following commutative 
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M* ^ N* 

\ \ 

D* [L')* 

\ \ 

(M')# — {M')* 

The upper row and (by BC2) the two columns are short exact sequences. It follows 
that the middle row is a short exact sequence and hence that L' is contained in 
Dfl. □ 

Sequences as in Theorem 14.41 preserved by any base change will be called an 
Y.- approximation and a D^-hull of N respectively. 

Lemma 13.41 makes the following definition reasonable. Three categories fibred 
in additive categories (FAds) A^, i = 1,2,3, an inclusion of FAds Ai C A2, and a 
morphism of FAds _F : A2 — A3 equivalent to the quotient morphism A2 A2 / Ai 
is called a short exact sequence of categories fibred in additive categories and is 
denoted by ^ Ai ^ A2 ^ A3 ^ 0. 

Theorem 4.5. Let A be a category fibred in abelian categories over C and let D C 
X C A 6e inclusion morphisms of categories fibred in additive categories. Assume 
BCl-2 for the pair (A, X) and ABl-3 for the triple of categories (A(T), X(r), D(r)), 
for all objects T in C Then: 

(i) The \- approximation induces a morphism of categories fibred in additive 
categories f : X^'/D — > X/D which is a right adjoint to the full and faithful 
inclusion morphism j\ : X/D — ^ X*^/D. 

(ii) The D** -hull induces a morphism of categories fibred in additive categories 
i* : X^/D — > D**/D which is a left adjoint to the full and faithful inclusion 
morphism : D**/D X^/D. 

(iii) Together these maps give the following commutative diagram of short exact 
sequences of categories fibred in additive categories: 

— ^ d«/d^^xVd^^x/d ^0 

idj II |id 

^ Qfl/D XVD X/D ^ 

Proof. In each fibre most of these statements are true by the arguments in the 
proof of [6j 2.8] since we have Theorem 14.41 The general cases are reduced to fibre 
cases by applying base change. First we have to establish the functors. Note that 
the quotient categories involved are FAds over C by Lemma 13.41 Let p : A — > C 
denote the fibration. For each Ni in X'' put Ti — p{Ni) and choose a □''-hull 
Li : Ni ^ Li ^ Mi which exists by Theorem 14.41 and such that Li — id if Ni is 
in D*^. For each arrow ip : Ni N2 choose an arrow A21 : Li L2 commuting 
with tp. This arrow is obtained as a composition of a base change Li — >■ L'f 
over p{ip) : Ti ^ T2 with an extension Lf L2 of Nf L2 obtained since 
ExtA(T2)(A^f ,-^2) = by [Si 2.5]. If composeable it follows from |6t 2.8] that 
A32A21 ~ A31. 

There is a unique arrow Lp : — J> A'^2 induced by ip. If Ajj^ : ii — >■ L2 is an 
extension of tp' : Ni ^ N2 with p{ip') — p{tp) such that 61 :— ip — tp' is equivalent 
to 0, we have by Lemma [3.31 that S : Nf — > N2 induced from 5i by base change 
factors through an object D in D[T2). It follows that 5 factors through Nf — > Lf . 



diagram: 
(4.4.2) 



L* 
L* 
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Let T denote the composition L* N2 ^ L2 (so r ^ 0). Let 77 be a base 
change over p(V') of the difference of the two extensions; 77 = (A21 — ^21)'^ ■ One 
calculates that {ri — T)Lf — 0, hence 77 — r is induced by an arrow Mf ^ L2 which 
lifts to an arrow M* D° where D* ~» L2 is a finite D-resolution of L2 (since 
ExtA(T2)(^^f , ^(Ta)) = 0). Hence 77 - t - 0, so 77 ~ and A21 A^^. We have 
shown that i* : X^/D — > D^/D is a well defined functor. To show that i* preserves 
cocartesian arrows we apply Lemma [3. 5 1 If [ip] : Ni N2 is cocartesian in X^/D 
then the induced map [(p] : Nf" — >■ N2 is an isomorphism and by [SI 2.8] so is any 
extension Lf — > L2 of [(f]. Composed with the base change Li — >• if we get a 
cocartesian arrow in D^/D by Lemma 13.51 

A similar argument gives that the morphism j' : X^/D — >■ X/D induced by 
(choices of) X-approximation also is well defined as a map of fibred categories. 

To prove adjointness for the pair (j!,j ) consider the chosen X-approximation 
L ^ M ^ N of N in X^{T). Given (pi : Mi ^ TV with Mi in X(ri) and 
/ = p{<fi). Let ip : Alf ^ N he induced by a base change of Mi by /. Since 
F,xt\fj,-j{Mf , L) = 0, ip can be lifted to an arrow i/j : Mf M. Composing ij) 

with the base change Mi Mf gives a lifting of Lpi which shows surjectivity 
of the adjointness map [tt o — ]. To prove injectivity consider for i = 2,3 arrows 
il^i : Ml — > M in X with ml}2 = '"'V's- Since p(7r) = id we have p{ip2) = p(V'3) = / 
and we can define ipi = ip2 — V'3 with ttt/ji '~ 0. Base change by / induces a 
Ip : Mf — !> M from ipi. Lemma [3.31 gives ttt/^ ^ 0. The argument in [51 2.8] implies 
that ijj and hence ipi factors through an object in D(T). Analogous arguing gives 
the adjointness of the pair {i* 

The commutativity of the diagram in (iii) follows by definition. For = 
= j'i* see [51 2.8]. We prove exactness in the upper row. Given ip : Ni ^ 
N2 in X*^ with / = p{Lp) : Ti ^ T2 such that j-[Lp\ = 0. If ■K^ : M, -> N, 
are the chosen X-approximations, j'[(p] is represented by a lifting -0 : Mi M2 
and the assumption is that t/j factors through an object of D. We claim that 
(p factors through an object in D^. By base change it's sufficient to prove the 
special case / — idra- If any object in X(T) we have that the composition 

Ext^(r)(M,iVi) = Ext^(j,)(M,Mi) ^ Ext^(j,)(M,M2) = Ext^j^.) (M, A^a) is if* 
which hence equals 0. If e : A^i ^> L'l — s> M{ is a D^-huU of A^i, the connecting 
takes ip to (p^^e G Ext^j-j.-) (M{, A^2), i-e. to 0, and so there exists a. S : L[ ^ N2 
which induces ip. Exactness in the lower row is analogous. □ 

Proposition 4.6. Let A be a category fibred in abelian categories over C and let 
D C X C A 6e inclusion morphisms of categories fibred in additive categories. Fix 
an object T in C. ^ssM77T.e BCl-2 for (A,X) and T, and ABl-3 for the triple of 
categories (A(r), X(T), D(T)). Then: 

(i) b^{T) = X^iT) n X(T)^ and D(T) = X(T) n D«(r). 

(ii) X^(T) and D^(T) are closed under extensions. 

(iii) Exact sequences . . . — > A„ A„_i — > . . . with objects Ni and kernels 
kerdj in X^{T) remain exact after base change. 

If in addition AB4, then: 

(iv) Epimorphisms in X^(T) are admissible. 

(v) AddX"(r) = X^{T) and AddD«(r) = t)^{T). 

Proof. For (i) the proofs of [51 3.6-7] works with the fl-s too by Theorem 14.41 By 
(i) it's sufficient to prove (n) for X"(r). Let e : A^i Af2 be a short 

exact sequence in X(T). If A^i and are in X^(T), Theorem 14.41 and Lemma 
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14.31 implies that ^C*{Ni) and ^C*(A^3) in Lemma are preserved as resolutions 
by base change. Together with BC2 this implies that base change of the short 
exact sequence of resolutions in Lemma 12.31 (i) gives a short exact sequence of DX- 
resolutions. For (iii) the long exact sequence is broken into short exact sequences 

with objects in X^(T). By Lemma l4.ll it is sufficient to prove the claim for 
short exact sequences. By Lemma [231 the short exact sequence of DX-resolutions in 
Lemma[5T3](i) is preserved by base change. It follows that the short exact sequences 

remain exact after base change. 

For (iv); if N2 and A^3 in e are in X*'(T) then iVi is in X(r) by AB4, see 3.5]. 
The argument proceeds as for extensions. 

By (i) it's sufficient to prove (v) for X^. If Ni jj N2 is an object in X^{T), then 
is in X(T) for i = 1,2 by H 3.4]. By LemmagJ -C*(7Vi) U ■C'*(^2) is preserved 
by base change as resolution of Ni Y\.^2- It follows that the resolution ~C*{Ni) is 
preserved by base change for i = 1, 2. □ 

Corollary 4.7. Assume BCl-2 and ABl-3 as in Proposition l46l If N is inX^{T) 
then any DX-resolution ^C*{N) — » N and any DD -coresolution N >— > '^C*{N) as 
in Section [2.21 is preserved by base change. 

Proof. By Theorem 14.41 there exist a DX-resolution and a DD-coresolution in X^. 
The result follows from Proposition 14.61 (iii) and Lemma 14.31 □ 

Definition 4.8. Let A be a category fibred in abelian categories over C and let 
D C A be an inclusion morphism of a category fibred in additive categories. For 
T in C let D^(T) denote the full subcategory of A(T) of objects K with a finite 
coresolution K L* with objects U in D**(r) for i ^ 0. 

Lemma 4.9. With these notions we have: 

(i) Epimorphisms in D^(T) are admissible if and only if D^(T) — D^(r). 
Assume BCl-2 and ABl-4 for (A(r),X(T), D(T)). Then: 

(ii) Dfi(r) = D(r)nD«(r). 

(iii) Epimorphisms in D^(r) are admissible if epimorphisms in D(T) are admis- 
sible. 

Proof, (i) is trivially true. In (ii) t^{T) C D(r) n b^{T) is obvious. For the 
other inclusion, suppose K is an object in D(r) n D^(T) \ D**(r) with a D**(r)- 
coresolution if — > L* of length n > 0. Since monomorphisms are admissible in 
D(T) = X(r) nX(r)-L, aU K' = ker(L* are contained in D(r), and we 

can assume n = 1. But then K has to be in X*^ n D = D^(T) by Proposition EH 
Since (i) is true "without the fl" by fS', 4.1], (iii) follows immediately from (i) and 
(ii). ' □ 

5. COHEN-MACAULAY approximation OF FLAT FAMILIES 

We define fibred categories of Cohen-Macaulay maps with fiat modules and show 
that they allow Cohen-Macaulay approximation in the finite type case and the local, 
algebraic case. 

5.1. The finite type case. Let h : S ^ T he a. ring homomorphism of noether- 
ian rings. We say that h \s a, Cohen-Macaulay { CM) map if it is of finite type, 
faithfully fiat and all fibres are Cohen-Macaulay (cf. (THJ 6.8.1]). In particular h is 
equidimensional ([20, 15.4.1]). B. Conrad has defined the dualising module ujh for 
any CM /i, see ^13. Sec. 3.5]. Suppose h has pure relative dimension n. For some 
N ^ n there is a surjective S-algebra map P ^ T where P = S[ti, . . . ,tN]- Let 
ujp/s :— A^ftp/g. Then there is an isomorphism Uh = Extp^"(T, wp/g) which is 
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natural in the factorisation — > P — > T, see jTSJ 3.5.3-6]. By (local) duality theory 
and Corollarv l2.9l a-';, is S'-flat (or see [131 Cor. 3.5.2]). If 5 is a field, we have that 
ujh is a canonical module of T as in Example 12.11 cf. jn] 3.3.7 and 16]. 

Let CM be the category with objects the CM maps and morphisms (g, /) : /ii — 
h2 pairs of ring homomorphisms g : Si ^ S2 and f : Ti ^ T2 such that h2g — fhi 
and such that the induced map /Ol : Ti(E>S2 — > T2 is an isomorphism: 

Ti^^T2^^Ti(g)s,S2 

hi I |/12 
S2 

Let R denote the category of noetherian rings. The forgetful functor p : CM R; 
{g,f) i-T- g, makes CM fibred in groupoids over R. The essential part is that CM 
should allow base change, i.e. given g : Si ^ S2 and hi : Si ^ Ti as above there 
should exist a T2, an h2 ■ S2 ^ T2 and an / such that (g, /) is a morphism hi ^ h2 
in CM. This follows from [2Di 15.4.3]. 

Let mod be the category of pairs {h : S T,N) with h in CM and N a finite 
T-module. A morphism {hi,Ni) — > (^12,-^2) is a morphism {g,f) : hi h2 in CM 
and a /-linear map a : A^i — A^2 ■ Then a is cocartesian with respect to the forgetful 
functor F : mod — !> CM if l(g)Q : T2(8'A^i — ^ N2 is an isomorphism. It follows that 
mod is fibred in abelian categories over CM. Adding the property that N is S'-fiat 
gives the full subcategory mod''. Moreover, let MCM be the full subcategory of 
mod'' where the fibre Ng = N(^sk{s) is a maximal Cohen-Macaulay Ts-module for 
all s G SpeCiS. The inclusions MCM C mod*' C mod are inclusion morphisms of 
categories fibred in additive categories (FAds) over CM. For MCM this follows from 
PU[ 15.4.3]. If /i is a CM map let mod^, MCM/i, . . .denote the fibre categories of 
mod, MCM, ...over h. An object in MCM/i is called an {h-} family of maximal 
Cohen-Macaulay modules (or shorter; an MCM /i-module). 

Given a morphism hi — ?■ /i2 in CM. By |13l Thm. 3.6.1] there is a natural 
isomorphism with base change T2(S)UJhi — which is compatible with localisation 
of Ti and is functorial with respect to composition hi ^ h2 ^ h^. It follows that 
h h-s. [h,uJh) defines a morphism uj : CM — ^ MCM of fibred categories over R which 
is a section of the forgetful F : MCM CM. Let D be the full subcategory of MCM 
over CM with the objects {h,D) where D is an object in Addjw^}. The inclusion 
D C MCM is an inclusion of FAds over CM. 

If U denotes any of these FAds over CM, let LJ denote the quotient ('stable') 
category U/D. With this notation we have the following. 

Theorem 5.1. The pair (mod, MCM) over CM satisfies BCl-2 and the triple of 
fibre categories (mod/i, MCM^, D^) satisfies ABl-4 for all objects h in CM. More- 
over: 

(i) The fibred categories MCM** and equals mod** and DHmod" respectively. 

(ii) For any object {h,N) in mod**, N admits an MCM -approximation and a 
D^-hull which in particular are preserved by any base change. 

(iii) The MCM -approximation induces a morphism of categories fibred in addi- 
tive categories j' : mod ** — > MCM which is a right adjoint to the full and 
faithful inclusion morphism j\ : MCM — >■ mod ''. 

(iv) The -hull induces a morphism of categories fibred in additive categories 
i* : mod " — > which is a left adjoint to the full and faithful inclusion 
morphism ; — > mod ". 
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(v) Together these maps give the following commutative diagram of short exact 
sequences of categories fibred in additive categories: 

^ D» mod« MCM ^0 

'id 



0^ D» mod" MCM ^ 

Proof. Since base change is given by the tensor product BCl and BC2 follows. In 
particular, a short exact sequence e : Ni ^ N2 in modh with A^3 and either 

A^i or N2 in MCM/^ gives short exact sequences of MCMs after base change to each 
fibre T^, i.e. ABl and AB4. 

For AB2, suppose M is in MCM^. Then = Homj.(M, cj) is in MCM^. too by 
Corollary 12. 91 Since Af^ is finite there is a short exact sequence A/^ <— T*" Afi. 
By ABl Ml is in MCM^. Applying Honijn(— , w/j) gives the desired short exact 
sequence since Corollary 12.91 implies that Exty(M^,aJh) = and that the natural 
map A/ — > A/^^ is an isomorphism. AB3 also follows from Corollary l2.9l 

Any N in MCM^ has by definition a finite MCM-resolution (say of length n) 
preserved by base change. Since objects in MCM are 5-flat it follows by induction 
on n that Torf (A^, fc(s)) = for all s £ SpecS*. Hence N is 5-flat. Conversely, if 
N is in mod^ it follows that a sufficiently high syzygy of N is in MCM^, i.e. N is 

in MCM^. With Proposition g?!] this gives = mod^ n MCM^. By induction on 
the length of the resolution Dh C MCM^ and so mod^ H D/j C D^. The opposite 
inclusion is clear by the first part of (i). Now (ii)-(v) follows directly from Theorem 

□ 

Corollary 5.2. Let h : S T be an object in CM. Then: 

(i) Dh = MCM^ n MCM,i and D^J = MCM^ n mod^ 

(ii) The kernel of a surjective map in is contained in D^. 

Proof, (ii): Note that if Ni N2 ^ N3 is a short exact sequence with N2 and A^3 
in D^, in particular S'-flat, then A''i has to be S'-flat too. To show that A^i is in Dh 
we use the criterion in [6l 4.6] to show that Dh — Dh: Suppose that AT is in MCM/j. 
Assume that Af satisfies MCM/,-inj.dimA'/ — n < 00 which by 4.3] is equivalent 
to the existence of a coresolution of Af of length n in D/j . The fibre at any s € Spec S 
gives a Dt, -coresolution of the MCM Ts-module Afg. Since Dt^ — Dt^ (^6, 6.3]) 
it follows by ^6, 4.6] that Ms is contained in Dt,- Since Dt, ^ MCMt, n MCM^^ 
by ^6; 3.7] it follows from Corollary that MCM,i- inj.dim Af = and so M is 
in MCM/i n MCM^. But by Theorem 15.11 we can invoke [6l 3.7] again which gives 
MCM/i n MCM^ = D,, so M is in D,,. By [i 4.6(d)] D,, = D,, follows and A^i is in 
Dh. □ 

Let P denote the fibred subcategory of MCM over CM of pairs {h, P) with h : S ^ 
T in CM and P a finite projective T-module. Let P** denote the full subcategory of 
mod'' of pairs {h, Q) such that Q has a finite projective dimension. The inclusions of 
categories fibred in additive categories p c pfl c mod'' are closed under extensions 
over CM. 

Lemma 5.3. There is an exact equivalence D^ ~ P** of categories fibred in ad- 
ditive categories defined by the functor {h,L) i~>- (/i, Homy(a;/i, L)) with a quasi- 
inverse {h, Q) i-T- (ft,, Q®T^h)- It induces an equivalence of fibred quotient categories 
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Proof. By base change we reduce to the absolute case where the equivalence is 
well known, cf. [231 I 4.10.16]. The functor Hom_(w_, — ) takes a map (p : Li ^ 
L2 over hi — )• /i2 to the map Homj.^ (w/^ , Li) Honij^^ (w^^ , L2); a (ipa)"^ , 
the unique map which pulls back to (pa by the cocartesian map cuh-^ U!h2- It 
is a well defined functor since the dualising module is functorial. If L is in 
then Exty^(a;T, = for aU z 7^ and s S Spec 5". By Corollary [13] the 
functor is exact and Hom2i(w^,L) is iS-flat. In particular Endgi(a;/i) ~ T. If D 
is in Dh then }louirp[ujii, D) is projective as a direct summand of a free module. 
If D* ^ L is a finite D^-resolution of L, then }iom'j^{uJh, D*) gives a projective 
resolution of IIom^(a;/i, L) since Dl C MCM^ (Corollary [O]). The natural map 
ev : Homj. (u!h, L)®u)h — > L commutes with base change to the fibres where it is an 
isomorphism ([TTl 9.6.5]) and Nakayama's lemma and S'-fiatness implies that ev is 
an isomorphism too. Let P* — > Q be a P-resolution of Q in of length n. Define 
covariant functors G* : mods ^ modT by G'*(T^) := M''~'^{P*®Ti^h®sV). Since 
P*(^T^h is S'-fiat, {G*} defines a cohomological (5-functor. Since P*(E)k{s) gives a 
resolution of Q^sk{s) for all s G SpecS", [TTl 9.6.5] and Proposition l2.5l implies that 
G"(S') = Q^T^h is S'-fiat and P*®T^h Q®T^h is a D-resolution. Moreover, 
the natural map Q — !■ HoTarpiujh, Q®i^h) is an isomorphism by Nakayama's lemma 
again. □ 

Example 5.4. Assume ^ is a Cohen-Macaulay ring with a canonical module ijJa- 
Given Li £ and put Qi = Hom^((u;^,Li) for i = 1,2. If / is an injective 
resolution of L2 and P is a projective resolution of Qi then both spectral sequences 
of Hom^(P, Hom^(wA, -f)) collapse at page 2 (use [231 I 4.10.19]) to give canonical 
isomorphisms 

(5.4.1) Ext^(Li,L2) = Ext^(Qi,Q2) 

Remark 5.5. In his unpublished manuscript Buchweitz gave a construction of Cohen- 
Macaulay approximation for finite ^-modules if A is a not necessarily commuta- 
tive Gorenstein ring, see [12]. The MCM-approximation and the D*-hull in The- 
orem 15.11 can be given essentially by the same construction. Let A'^ be a finite 
T-module which is S'-fiat where /i : S ^ T is a finite type Cohen-Macaulay map. 
Let P ~ P{N) — > be a projective resolution of A^ (i.e. by finite projective T- 
modules). Then P^ = }ioinrp(P,ujh) is a bounded below complex with bounded 
cohomology because Ext^(Af, w/i) = for z greater than the relative dimension d 
of h by Corollarv l2.9l (inj.dimwT, = dim Ts ^ d). Then we can choose a projective 
resolution / : P(P'^) ^ P"" of P"" which is bounded above. Let G G(/) be 
the mapping cone of /. The modules in G are direct sums of projective modules 
and modules in D;i and the (co)kernels in the acyclic G are modules in MCM;i. By 
CoroUarv 12.91 it follows that G^ is acyclic too. There is a composition of natural 
maps P = P^^ P(P^)^ := G which hence is a quasi-isomorphism. But then G 
is just the representing complex of A^ and the MCM-approximation and the D-hull 
is obtained as in Section [221 In the the case of coherent rings with a cotilting mod- 
ule (a concept introduced by Y. Miyashita, see [3S1 p. 142]) J.-i. Miyachi implicitly 
gave the same construction in [35l 3.2]. 

Suppose h has pure relative dimension and is a non-zero Cohen-Macaulay 
Tg-module with n = dim Ts — dimA^s constant for all s e SpecS, i.e. A^ is a 
family of Cohen-Macaulay modules of codepth n. Put A^^ ExtJ(A^, w/,,). Then 
P^ = P{NY is quasi-isomorphic to H"(P^) = A^^ by duality theory and Corollary 
12.91 So if (P, d) —J' A^^ is a projective resolution of A^^, the representing complex is 
given as G P^. If Syzf N'^ denotes the i^^ syzygy module imd^ and d^ denotes 
}iouirp(di,iOh) then the commutative diagram (|2.0.8p with short exact sequences is 
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given as 



im«) ► Hom3.(SyzjAf",uifc) ► JV"" 

II i ° 1 

ini(c?^) ^ Honiy (i^„, Uh) ^ coker(d^) 

i I 

Honij (SyzJ^, Af " , M.) ^= Horn,, (SyzJ^., , 



with the MCMft-approximation and D^-hull of N given by the upper horizontal and 
right vertical sequence, respectively, since N^"^ = N hy duality theory and Corol- 
lary 12.91 Let C denote the mapping cone of a comparison map P{N) — !> G. The 
homology of the truncated short exact sequence of complexes G ^ C ^ P{N)[—1] 
gives the MCM^-approximation cokerd^2 ~^ cokerd^j ~^ SyzfiV for z > (with 
1 = being the upper horizontal sequence in the diagram). In the absolute case 
(with N Cohen-Macaulay) this latter construction of the MCM approximation of 
SyZjA^ was given by J. Herzog and A. Martsinkovsky in |26l 1.1]. 

5.2. Local cases. We formulate local variants of the approximation theorem. 

Fix a field k. Let H denote the category of local, henselian, noetherian rings S 
with residue field S/ms = k and with local ring homomorphisms. A map h : S ^ T 
in H is algebraic (or T is an algebraic S'-algebra) if there is a finite type S'-algebra 
T and a maximal ideal m in T with T/m = k such that h is given by henselisation 
of T in m. Fix an algebraic /c-algebra A which is supposed to be Cohen-Macaulay. 
Objects in the category hCM are algebraic and flat S-algebras T with T^sk = A. 
A morphism hi ^> /12 is a pair of commuting maps f : Ti ^ T2 and g : S*! — >■ iS'2 in 
H as for the finite type case, giving a cocartesian square. Fibre sum exists in H and 
is given by the henselisation of the tensor product T = Ti(E)SiS2 in the maximal 
ideal mT^T + msjT. We denote it by Ti(ksiS2- It has the same closed fibre as 
Si Ti and it follows that the obvious functor hCM — )• H is fibred in groupoids. 
The objects in hCM will be called henselian Cohen-Macaulay (hCM) maps. 

If ft, : S' ^ T is a CM map and t a /c-point in Spec T with image s in Spec S 
then we get a map of the local rings S = S^^ ^ T'' = T for the etale topology at 
t and s given by henselisation. This is a hCM map. Conversely, every hCM map 
is obtained this way which follows from [31] 18.6.6 and 18.6.10] and 15.4.3 and 
12.1.1]. We will call an ft : 5* ^ T in CM which induces ft : S' ^ T in hCM a 
(finite type) representative of ft. The dualising module induces an S-fiat finite 
T-module ojh called the dualising module for ft. Two representatives of ft factor 
through a common etale neighbourhood contained in CM and since the dualising 
module is functorial for CM the dualising module ujh is functorial too. 

Let mod denote the category of pairs {h : S ^ T,J\f) with ft in hCM and J\f a 
finite T-module. Morphisms are defined as for the finite type case and the forgetful 
functor mod — > hCM makes mod fibred in abelian categories over hCM. Let mod* 
denote the full subcategory of pairs (ft, Af) in mod with A/" S'-flat and let MCM denote 
the full subcategory of mod** where the closed fibre MfS^sk is a maximal Cohen- 
Macaulay ^-module. Let D denote the full subcategory of MCM of objects {h,D) 
with D in Add{u!h}- AH three are FAd subcategories of mod over hCM. Any finite 
T-module Af has finite presentation hence it is induced from a finite module over a 
representative of T. If Af is contained in one of the subcategories the representative 
can be assumed to belong to the corresponding finite type subcategory (Joe. sit.). 
Similarly all maps in the various fibred categories over H are induced from maps in 
the corresponding fibred categories over R. 
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Let L (C) denote the category of (complete) local, noetherian rings with residue 
field k and local ring homomorphisms. Let ICM (cCM) denote the category of 
local Cohen-Macaulay (ICM) maps (respectively complete Cohen-Macaulay or cCM 
maps) defined analogously as above with (completion of) essentially of finite type 
replacing algebraic. Similar arguing as above makes ICM (cCM) fibred in groupoids 
over L (C). The definitions of the module categories apply in the local and the 
complete case too and we use the same notation in all three cases. Again objects 
and maps are induced from the finite type case. 

Either arguing with representatives or applying the proofs for Theorem 15.11 and 
Corollarv l5.2l (with only minor adjustments) we obtain the following. 

Corollary 5.6. Let xCM denote either hCM, ICM or cCM. The pair {mod, MCM) 
of fibred categories over xCM satisfies BCl-2 and the triple of fibre categories 
(modh, MCM/i, D/i) satisfies ABl-4 for all objects h in xCM. 

Moreover; the statements (i-v) in Theorem 15.11 and (i-ii) in Corollarv 15.21 are 
valid over xCM too. 

6. Minimal approximations and semi-continuity of invariants 

We show that the Cohen-Macaulay approximation and the D-huU in Corollary 
15.61 can be chosen to be minimal. Upper semi-continuous invariants on MCM^i or 
FID^ extends to upper semi-continuous invariants on mod a- An example is given 
by the w^i-ranks in the representing D-complex. 

Lemma 6.1. Let S ^ T be a homomorphism of noetherian rings and a an ideal 
in S such that L — aT is contained in the Jacobson radical of T . Let M and N 
be finite T -modules. Let T„ = T//"+\ Af„ = T„(g)M and 7V„ = T„(g)iV. Suppose 
there exists a tower of surjections {tpn : M„ Nn}. Fix any non-negative integer 
uq. Then there exists a T -linear surjection ip : M ^ N such that Tn^^tp = Lpno- If 
the (fin are isomorphisms and N is S-flat then is an isomorphism. 

Proof. Let f = 1^T„, M = ^ Af„ and N = l^Nr,. We have 

(6.1.1) l^Homj,^(Af„, A^„) = Hom^(Af,iV) = f ®Homj,(Af, TV). 

Hence \^^n = Sr^')®/?^*) with r(*) e f and S Ylou\j.{M,N). Let r'it] be 
the image of r'^-' under T — > Tjnj and choose liftings t^^^ in T of rn}, . Put ip = 
Then r„o(^V 

= ^no- Since T„(, ® coker i/; = coker(y9„(, = 0, Nakayama's 
lemma implies cohenip = 0. Since Tn„<E)TN equals N(E)sS/a"°'^^, S'-flatness of N 
implies Tn^ ® ker tp — ker ipn„ and if kcr ipn„ = then Nakayama's lemma implies 
ker ^ 0. □ 

Proposition 6.2. Let xCM denote either hCM, ICM or cCM, let h : S ^ T be an 

object in xCM and let ^ : C ^ M ^ J\f be an MCM h- approximation of Af. Then 
the following statements are equivalent. 

(i) The sequence ^ is a right minimal MCM h,- approximation. 

(ii) There are no surjections Ai Uh which induces a surjection C ^ Uh- 

(iii) There are no common LOh-summand in C ^ M. 

(iv) The closed fibre S,®sk is a right minimal MCM a- approximation. 

(v) The completion (^(815^)" of the closed fibre is a right minimal MCM^- 
approximation. 

The analogous statements (i')-(v') for a D^-hull ^' : A/" — > — 5- Ai' are equivalent. 
In particular: 

(i') The sequence ^' is a left minimal Df^-hull. 

(ii') There are no surjections Ai' — )• cj/i which induces a surjection C — >■ uJh- 



CM APPROXIMATION IN FIBRED CATEGORIES 



21 



Proof. Suppose there is a surjection Ai uJh such that the composition C uJh 
is surjective too. Then the kernels of these maps give a new MCM-approximation 
of Af by CoroUarv l5.6l Since a surjection C Uh has to spht by Corollary 15.61 uJh 
is a common summand in C ^ A4 and tt cannot be right minimal. 

Let the closed fibre £,®sk of the sequence f be denoted by i — s> M A N. 
Assume there is a non-surjective endomorphism 6* : — >■ with tt9 ^ tt. Then 
^0 = O'S'sk gives a non-surjective endomorphism of M with p9o = p. It follows that 
the completion L ^ M ^ N is not a right minimal Cohen-Macaulay approximation 
of N. By [231 1.12.8] there is a common w^-summand in L — M. Let 1^9 : M oj^ 
denote the projection. By Lemma [6.11 there exists a surjection ip : M ^ uja- The 
induced map L ^ uja is surjective too. The map tp lifts to a surjection M ^ uJh 
(with C — i> w/i surjective) since the canonical map }iomrp{Ai,uJh) Hom^(M, Wyi) 
is surjective by Corollary 12.91 The D^'-case is analogous. □ 

Corollary 6.3. Let xCM denote either hCM, ICM or cCM. For any object (ft., TV) in 
the fibred category mod^ over xCM, Af admits a right minimal MCM-approximation 
and a left minimal D^-hull which remain minimal after base change and which in 
particular are unique up to non- canonical isomorphism. 

Proof. The existence of a right minimal ^ follows immediately from criterion (iii) 
in Proposition [6?2] Moreover ^ is right minimal if and only if the closed fibre fc 
is right minimal. Since any base change ^1 of ^ has the same closed fibre as ^, ^1 is 
right minimal if ^ is. □ 

Remark 6.4. In [24, 2.3] M. Hashimoto and A. Shida gave essentially the analog 
of Proposition 16.21 in the absolute case of a Zariski local Cohen-Macaulay ring 
with a canonical module. They attributed the complete case to Y. Yoshino. Note 
Miyachi's proof in the cotilting semi-perfect case, see 123 3.4] (cf. [23, 1.12.8]). 
In [m 3.1] A.-M. Simon and J. R. Strooker give a short independent proof. The 
proof of Proposition 16 . 21 also works in the Zariski local case in full generality and is 
different from these (but depends on the complete case). 

Since minimal choices of MCM^-approximations and Dyi-hulls exist and are 
unique up to isomorphism any invariant defined for MCM modules or for FID mod- 
ules is extended to all finite A-modules. Upper semi-continuity of the invariants is 
also extended as we explain now. First some notation. 

Let h : S ^ T he ring homomorphism and J\f a finite T-module. If t G SpecT 
has image s e Spec S, let Afp^ denote the localisation of TV at the prime ideal t, 
let hp^ : Sp^ — denote the ring homomorphism obtained by localising, and put 
Af{t) = ^fpt'»Sf,^k{s) which is a r(t)-module; indeed TV(i) ^ T{t)®Tf^^fpt■ K h is 
a finite type Cohen-Macaulay map, hp^ is in ICM. 

Suppose /i is an invariant on MCM^ where A is a Cohen-Macaulay local ring 
with canonical module. Let mcmM denote the induced invariant on mod a defined 
by mcmA'(TV) — p.{M) where L M -^Nis the minimal Cohen-Macaulay approx- 
imation of N. Similarly fidA*(TV) = fJ-{L) for an invariant fi defined on FID^. Use 
the minimal hull N ^ L' M' to define fidA*' and mcm/^'- 

The following theorem is a major application of what we have done so far. 

Theorem 6.5. Let fi be an additive non-negative numerical invariant defined for 
maximal Cohen-Macaulay modules or for finite modules of finite infective dimension 
on a Cohen-Maculay local ring with canonical module. Assume fj, is upper semi- 
continuous for finite type flat families (h : S T,A4) in MCM (or in D). Then the 
induced invariants mcmA* '^''^^ mcmm' (or fidA* '"^'^ fid/^') o,re upper semi- continuous 
in finite type flat families (ft. A/") in mod^. 
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Proof. Given {h : S T,JV) in mod^ and t e SpecT. By Corollary there 
exists open affines U — Specs'! C SpecS", V — SpecTi C SpecT with t £ V, 
hi : Si ^ Ti induced from h, and a MCM/ij-approximation ^ : £ ^ M ^ M\v 
such that the localisation is minimal. By Corollary 16. 31 ff^) is minimal too. Put 
n — fi{M{t)). Since fi is upper semi-continuous there is an open Vn C V containing 
t such that ^i{M{t')) n for all t' e Vn- If i ^ M ^ Af{t') is the minimal MCM 
approximation of Af{t'), M is a direct summand of Ai{t') by Proposition 16.21 and 
hence MCMM(A/'(t')) = KM) ^ t^iM{t')) n. □ 

Example 6.6. The Bctti numbers /3i(M) = dim Torf (Af , ^/m^) are well known 
upper semi-continuous invariants of finite modules over local rings. By Theorem 
I6.5l the induced invariants mcmAj mcm/Sj', fidA and piD/^i are upper semi-continuous 
too. 

We now consider some invariants defined in terms of Cohen-Macaulay approxi- 
mation. If /i : 5 — > r is in one of the categories of local Cohen-Macaulay maps, a 
map d : D ^ D' oi objects in Dh is said to be minimal if k^xd — 0. Any module 
D in Dfi is isomorphic to some w®" and Endrp{ujfi) = T. Hence if d is not minimal 
then there is a surjection D' ojh inducing a surjection D ujh- By Corollary 
15.61 the ujh splits off from d. Hence any D/j-complex is homotopy equivalent to one 
with all differentials being minimal, which is called a minimal D-complex. 

For any module M in mod^ over xCM we choose a minimal MCM-approximation 



£ — >■ A4 — >■ A/" and a minimal D*^-hull N ^ C ^ M' which exist by Corollary [ 
Spliced with a minimal D-resolution of C and a minimal D-coresolution of A^' we 
obtain complexes ~C*(A/'), +C*(A/') and D*{J\f), as defined in Section where 
no differential has any w/j-summand. We call such choices of these complexes for 
minimal. They are unique: 

Lemma 6.7. Suppose h is in hCM, ICM or cCM and {h,Af) is in mod^. Then 
minimal choices of~C*{J\f), '^C*{Af) and D*{J\f) exist and are unique up to non- 
canonical isomorphisms. 



Proof. Minimal choices '^C* and of coresolutions for J\f are by Lemma | 
homotopic through chain maps a and P starting with an isomorphism £[ = C'2. If 
Pi are homotopies with l3a — id = dpi + pid and a/3 — id = dp2 + P2d then tensoring 
down by k®T— makes the right hand side of these identities equal to zero by the 
minimality of the complexes. Hence /3a and a/? are surjective endomorphisms, i.e. 
isomorphisms. The same argument applies to "C* and D* . □ 

For each module N in mod^ we fix a minimal D-complex {D* {J\f),d*) repre- 
senting A^. Let C = coker9~i and M = kera°. Put Syz^**/:' := coker{(9-'-i : 
D-^-^ D-'} for i ^ and Syz'^IM := ker{9* : D' D'+^j for i ^ 0. For any 
finite T-module J\f let the ujh-rank of JV, denoted uJh- rk(A/'), be the largest number 
n with ujf^QAf' = JV for some T-module A/"'. Since End-r(w?i) = T is a local ring, 
this is a well behaved invariant, cf. 41, Sec. 1.1]. 

Definition 6.8. Suppose h is in hCM, ICM or cCM and JV is in mod^. Define the 
numbers: 



(i) d^(AA) 

(ii) i^rw 

(iii) 7t(A/') 



= cjft-rk(D''(7V)) for all i 
= Wft-rk(Syz"''£') for i > 
= cj,,-rk(A4) 



The definition gives well defined invariants of Af by Lemma 16.71 In particular 
we see that v^iM) equals Wh-i'k(£'). We also notice that w/j- rk(Syz"'^ A/() = for 
alH > by Proposition 16.21 

The same notation is used for the absolute counterparts of these invariants. 



CM APPROXIMATION IN FIBRED CATEGORIES 



23 



Remark 6.9. In the absolute case with A a Gorenstem local ring, the 7^-invariant 
is called Auslander's 5 invariant and has been studied in particular by S. Ding. 
One has that 7A(^/m^) ^ 1 with equality for n ^ 0. The smallest number n with 
7A(^/tn^) = 1 is called the index of A and Ding has given results and conjectures 
concerning this invariant, cf. [T5]. See also 

Let {A, m, k) be a noetherian local ring and N a finite A-module. Simon and 
Strooker introduced the reduced Bass numbers 

(6.9.1) i^\iN) = dimfc im{Ext:4(fc, N) ^ Rl{N)} 

and in the case A has a canonical module they showed in [4T1 2.6 and 3.10] that 

(6.9.2) iy^{N) = iyf''^{N) and vf{N) = v'^'^^-^L') for i ^ 

where L' is the minimal D^i-hull of N. The Canonical Element Conjecture and the 
Monomial Conjecture are equivalent to i^']^™^{b) ^ (or equivalently 7^(yl/b) = 0) 
for certain ideals b in any Gorenstein local ring A, see [HJ 6.4 and 6.6]. 

Let P and P*^ denote the FAds of finite projective modules, respectively modules 
of finite projective dimension over xCM defined as for the finite type case. 

Lemma 6.10. With notation as above: 

(i) The functor F = Hom_(tj_, — ) gives exact equivalences of categories fibred 
in additive categories D ~ P and ~ P^ over xCM. 

(ii) In particular d^^{J\f) — /3i(Homy(cj/i, £')) for all i ^ 0. 

(iii) Homy(£)**'*'(7V), w/i) gives a minimal free resolution of llomq^{A4,ujfi)- In 
particular d^iN) = /3i(Homj-(A^, w/j)) for all i ^ 0. 

Proof, (i) and (ii) are the local variants of Lemma [5.31 Breaking Ai ^ _D*^"(7V) 
into short exact sequences, (iii) follows from CoroUarv 15.61 □ 

Corollary 6.11. Let h : S T be a finite type Cohen- Macaulay map and suppose 
Af is a T-module in mod^. Then d'^{J\f{t)) are upper semi-continuous functions in 
t S Spec T for all i. 

Proof. This follows from Theorem 16.51 and Lemma 16.101 □ 

Remark 6.12. The invariants and 7 are not semi-continuous either way, see 
Example 17.41 Moreover, let C be in D/i with L = C®sk. If po '■ — > i is a direct 
summand, then po lifts to a map p : uih ^ £, but no lifting p of po has to split, 
even if A is a regular ring. 

Remark 6.13. One can also define functions of the base. E.g. if (f : Spec T Spec S 
denotes the map induced from h and p{f\f{t)) is an upper semi-continuous function 
of < e SpecT, then (p^.p{Af) defined by 

(6.13.1) ^*/i(A/')(s) = sup piAfit)) 

is an upper semi-continuous function in s G Spec S since ip is an open map. 

7. The fundamental module of a Cohen-Macaulay map 

Example 7.1. Let {A,mA,k) be a Cohen-Macaulay local ring with canonical 
module lua- Let (G*,(i,) — )■ fc be a minimal A-free resolution of k and put 
SyZj = Syz^fc = cokerdi+i. Suppose dim A ~ d ^ 2. There are connecting 
isomorphisms 'Ext\{Syz^_-^, uja) = Ext^(Syz^_2, wa) = . . . = Ext^(fc, wa) which is 
isomorphic to k by duality theory. To 1 G A; there is hence a non-split short exact 
sequence 

(7.1.1) 0: O^LUA — >Ea^ Syz^_ifc -> 
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with Ea uniquely defined up to non-canonical isomorphism. We call Ea for the 
fundamental module of A. We claim that Ea is a maximal Cohen-Macaulay module 
which implies that (|7.1.ip is the minimal MCM approximation of Syz'^_ik. If we 
apply Hom^(— jOj^) to (|7.1.ip we obtain the exact sequence 

^ 2) ^Hom^(Syz;^__ifc,WA) — > llom^{EA,i^A) — > End^(a;A) 
Ext\{Syz^_^k,ojA) — ^ Ext\{EA,uJA) 

We have 9(id) = 6* so 9 is surjective and Ext\{EA,uJA) = 0. By duality theory (e.g. 
[TTl 3.5.11]) this excludes the possibility depth — d — 1 and we conclude that 
Ea is a maximal Cohen-Macaulay module. If iV is a Cohen-Macaulay module of 
codimension c we denote Ext^(iV, oj^) by iV^. Since End a{oj a) = A we get from 
(|7.1.2I) a short exact sequence: 

(7.1.3) ^ Hom^(SyzliA:,L^A) ^ ^ ^ 

Since Ext\{k,ujA) = for i =^ rf, ^ Gj^ ^ . . . C^^^ Hom^(Syz^_ifc, w^) ^ 
is a finite w^-resolution and so (|7.1.3p gives the minimal MCM approximation of the 
maximal ideal. Auslander introduced the fundamental module in the case d — 2, 
see [7]. 

We can make a relative version of the fundamental module in much the same way. 
Let (2)A : CM ^ CM be the morphism of fibred categories over R defined by taking 
the CM map ft. : S" -> T to the composition ft.^^) of h with t = 1® idr : T ^- T(g)sT 
and taking a morphism {g, /) : /ii — > /12 to the composition of two cocartesian 
squares {g,f^'^) as follows: 

(7.1.4) Ti Si Ti Ti®s,Ti 



/ 



/ 



52 --^ T2 S2 T2 T2®S,T2 

There is also a functor A : CM — > CM defined by mapping (5, /) to the right- 
most cocartesian square (/, /®^), but it doesn't commute with the forgetful functor 
CM — !■ R. Let ''cm denote the full subcategory of CM maps of pure relative dimen- 
sion d. Then "^CM is a fibred subcategory of CM over R and '^^•'A and A restricts to 
a morphism (^^A : '^CM ^'^CM over R and a functor A : '^CM ''CM. 

Let h : S ^ T he & finite type CM map of pure relative dimension d ^ 2. 
Consider P in (see Lemma [5.31) as a T®^-module by puUback along the multi- 
plication map ^ : T®"^ T. By Corollarvl^-E = Ext^»2 (P, cj,) is flat and flnite 
as T-module, i.e. T-projective. Let P* denote Homj.(P, T). By Corollarv l2.9l 

(7.1.5) Endg.(£;) = Ext^»2(P,cjJ®£;* = Ext%^{P,uj,®E*) . 

Combined with the connecting isomorphisms the identity in Endrp[E) corresponds 
to a canonical extension of y^^-modules: 

(7.1.6) 0^cj,®TExt^«2(P,wJ* Eh{P) ^ Syz^_,P ^ . 

Let ''P and ''MCM denote the restriction of P and MCM to fibred categories over 
''CM. 

Proposition 7.2. Let d^2. The association {h,P) H> Eh{P) in (j7.1.6p induces 

(i) a functor P : ''P — > ''MCM/''P which preserves cocartesian maps and lifts 
the functor A : ''CM ''CM, and 

(ii) a morphism ^-^^E : ''P •^''MCM/'^''P of fibred categories over R which lifts 
(2)A : ''CM ^ 2<i(-|^_ 
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Proof. As an extension of T-flat modules, Eh{P) is T-flat. Applying Honijn»2 (— , 
to (|7.1.6p with E ~ Ext^a2(-P, and Syz^_;^ = SyzJ^^^P gives an exact sequence 

(7 2 1) ->Homj,®2(Syz^_;^,Wt) ^ Homj,«2(i?h(P), w,,) -5- Endj.»2 (cjJiXjT-E' A 
Exti^®2(Syz^_i,tJt) ^ Exti^®2(£';i(P),a;J 



by Corollarv l2.9l and duality theory. In particular there is a canonical isomorphism 
Homp»2 (wtCgjT-E*, ojt) ^ 'ETidrpcs2{LUc)^TE. We have that End2n»2(a;t) is canoni- 
cally isomorphic to T®^ and d{t^^) = fi{t)Syz'^_i{^) e Exti^82(SyZjj_;^,a;,,) where 
Syz^_]^ is the composition of the connecting isomorphisms. So d is surjective and 
Exty»2(£;h(P),w,) = by Corollary It follows that aU fibres of EhiP) are 
MCM modules and so Eh{P) is in M CM ^ and (|7.1.6I) is an MCM^-approximation of 
SyzJ^'p. Let Ih denote the kernel of fi : T®^ T and (-)^ = Homj,»2 (-, wj. 
From (|7.2.1I) we get another MCM, -approximation 

(7.2.2) ^ Homy»2(SyzJ®iP,a;J ^ P/i(P)'' ^ I,,(8)TExt^«2 (P, cj,,) . 

Dualising ((7X^ induces (|7XE| since EhiP) = Eh{Py^ and Homj,02 (X/i, wj = 
w,. By Theorem [ED the image of Eh{PY in MCM^/D, is functorial in the T®"^- 
module Th®E which again is contravariantly functorial in P. Since (— )^ induces 
an equivalence 

(7.2.3) V : MCM,/P, MCM°P/D°P : V 

we conclude that Eh{P) is functorial in MCM/P by our functorial choice of exten- 
sion. This gives (i) and (ii). □ 

Corollary 7.3. For any Cohen- Macaulay map h : S ^ T of pure relative dimen- 
sion d ^ 2 there is a finite T'^'^ -module Eh — Eh(T) which is faithfully flat along 
L : T ^ T®^ with all fibres being maximal Cohen- Macaulay modules. The associ- 
ation h ^ Eh defines a functor '^CM ^ '^MCM/'^P lifting A : ''CM ''CM. In 
particular Eh gives MCM ^-approximations 

— > — > Eh — > Syz^_]^T — > and 

^ Homy«2(Syznr,cjJ E}i ^ Ih ^ 
where Ih is the kernel of the multiplication map T®^ T . 

Proof. This follows from Proposition [72] and (|7.2.2p once we have proved the natu- 
ral isomorphism Ext!^(82 (T, w,,) = T. Choose a surjection of S'-algebras P ^ T with 
P = S[ti, . . . ,tN]- Recall that can be given as Extp^^(r®^, wp^^/r) where 
ujp(g,T/T = ^^^P(ST/T- There is a change of rings spectral sequence 

(7.3.1) EP'^ = Ext«,«,(T,Ext^^y(T®2,wp^r/j.)) ^ Ext%\{T 

which by Corollary 12.91 and duality theory collapses to the canonical isomorphism 

(7.3.2) Ext;^«2(r,Ext;^-^(r®2,L^p^T/T)) = Ext^^3,(T,wp«T/T) • 
By [H 3.5.6] Ext^^y(r, 

ujp^t/t) is canonically isomorphic to lut/t = T as r®^- 
module. □ 

We will call the module Eh given in Corollary 17.31 for the fundamental module 
of the Cohen-Macaulay map h. 
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Example 7.4. Let k be an algebraically closed field and A a finite type /c-algebra 
which is Cohen-Macaulay of pure dimension 2. Then the fundamental module 
E = Eh of ft, : fc — >■ A is the maximal Cohen-Macaulay approximation of / = 
ker{A®2 A} in modf ; 

(7.4.1) ^ uJh®A — > E — > / ^ 

where l = : A ^ A®'^ and ujh — ^A- Let t in SpecA®^ be a fc-point, and 

ti £ Spec A be the image of t by the i^^ projection. Let Ai denote A localised at ti. 
Let vn-i be the maximal ideal in Ai. Localising gives a local Cohen-Macaulay map 
tpt : A2 — > (A®-^)pj and a module E'pj in MCM,p . Let E{t) denote base change of 
i?pj to k{t2). If ti = t2 then I{t) = pi and E{t) equals the fundamental module 
Eai of (|7.1.ip . If ti = <2 is singular, then uj-rk{E{t)) = while if ti = t2 is regular 
then E{t) ^ Af^. If ti ^ t2 then /(t) ^ Ai = E'^^ and £'(t) = A®"^ . This shows 
that "f{I)(t) is nof upper semi-continuous as the d^-invariants are. 

In particular, if A equals k[x, y, z]/ (a;"+^— yz) with a 2-dimensional rational dou- 
ble point at mo = {x, y, z), similar considerations give the following table of invari- 
ants (note that i^i = d~-^): 



L-.A^A"^'-" 


7 






1^0 


m 


ti = t2 = singular point 





1 


4 


1 


moA^g 


ti ~ t2 non-singular point 


2 


1 


2 





mAi 


tl^t2 


1 





1 


1 


Ai 



8. Maps of deformation functors induced by 
Cohen-Macaulay approximation 

We extend the Cohen-Macaulay approximation over henselian local rings to de- 
formations and obtain maps between the associated deformation functors. We also 
introduce the appropriate Andre-Quillen cohomology and links the various coho- 
mologies in a fundamental long-exact sequence. 

Fix an object — {h : S ^ T,M) in mod*^ over H. A deformation of ^ is a 
cocartesian morphism ai : ^1 — > ^ in mod*^. A map of deformations ai — >■ a2 is 
a cocartesian morphism (/3 : i^i — ^ ^2 in mod** such that a2'f — ai- Deformations 
and maps of deformations are objects and arrows in the comma category Def^ := 
mod|?oj.jj/C which is fibred in groupoids over the comma category H/S', see Lemma 
13.11 and the proceeding comments. Let the deformation functor Defj : H/S" Sets 
be the functor corresponding to the associated groupoid of sets Defj. The comma 
category Def/j :— hCM//i of deformations of ft. : 5' T is also fibred in groupoids 
over V\/S and we have an obvious factorisation Defj hCM/ft H/S' which 
makes Defj fibred in groupoids over hCM/ft. To ease readability (and by abuse 
of notation) we put T)e^(J^J^){Sl) = T)ei^{Si^S) and Def7.(S'i) = Def^(S'i^-S'). 
We also write a deformation of (T, M) meaning a deformation of ^ and likewise in 
similar situations. 

For each object — {hi, Mi) in mod** over H we choose a minimal MCM- 
approximation iTi : Ci ^ Mi A/i and a minimal D**-hull ii : Mi C'i M'i 
which exist by Corollary 15.61 and Corollary 16.31 For each deformation ai : i^i ^ ^0 
we choose extensions to commutative diagrams of deformations 

(8.0.2) A ^M^^^M^ and M^^^ L\ ^ M\ 

£0 ^Xo^^A^o M^^^Cr, ^M'r, 
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as follows: By Corollarv l6.3l a base change of tt^ by hi — >■ ho gives a minimal MCM^^- 
approximation Adf Nf ^ Afo- By minimality it is isomorphic to ttq. Choose 
an isomorphism. Let fii be the composition AAi — > Mf ^ Mq- It is cocartesian. 
Do similarly for the D**-hull. Let these choices be fixed. 

The diagrams in (j8.0.2p will be called an MCM-approximation (denoted tt*) re- 
spectively a D^'-hull (denoted t,) of ui (this terminology can be justified). 

Definition 8.1. There are four maps of deformation functors 

o-x : Def(^^ — > ^(^hho.x) ■ H/5'o — > Sets 

where X can be Mo,jCo,jO'q and M'f) given by [{hi ho,i/i)] H> [{hi — > ho,x)] for 
X equal to ^i,Xi, X'i and /i^ in (j8.0.2p respectively. 

The following lemma implies that these maps are well defined and independent 
of choices. 

Lemma 8.2. Given two deformations Uij : Mij — > A/qj {j — li2) in mod'' over 
hij — > hoj in hCM and MCM- approximations 7r*j {respectively D^-huUs of Vij. 
Suppose we have a map of short exact sequences ttqi — >■ 7ro2 {respectively ioi ^02) 
and a map a : Nn Mi2 lifting Aqi A/02, *-e. sitc/i i/iai i/ie following two 
diagrams of solid arrows are commutative: 



A: 



■M2 



Ms 



\,2 



Ail 



7 








■■ Til 




il 





Ml 



• A^02 — 



Ml 



■Mo- 



7 

^(1 



■Mi, 



^01 



■Mqi 



■Moi 



Moi 



I^il 








VV02 — 




1 

02 











Mil 



''-01 



T/ien f/iere exist maps 7 : A^ii —5- A4i2 a?*'^ 7' : C,'ii CJi2 such that the induced 
left {respectively right) diagram commutes. If a is cocartesian, so are j and"/'. 

Proof. Consider the MCM-approximation case. By applying base changes to the 
front diagram, we can reduce the problem to the case hn — >■ /iqi equals hi2 /io2- 
Then, by CoroUarv 15. 6[ there is a lifting 71 : Ain — > A/li2 of a. We would like 
to adjust 71 so that it hfts /3 too. We have that ^^271 — /^Mii factors through £02 
by a map Ti : Ain — >■ £02 which induces a unique map tq : A4oi Cm since 
/iii is cocartesian. If Ci2 is a finite D-resolution, then base change gives a 

finite D-rcsolution vf -» £02 and tq lifts to a cto : A/l 01 —> 2?* by Corollary 15.61 
By CoroUarv 12.91 there is a cr : AAn — > Vq lifting ao and subtracting the induced 
map Aiii — > M-i2 from 71 gives our desired 7. If a is an isomorphism so is 7 by 
minimality of the approximations nij. The argument for the D^'-case is similar. □ 



Remark 8.3. There are maps of fibred categories inducing the maps ax in Definition 
18.11 Two maps a,/3 : {hi, Mi) — >■ (/i2,M2) in Def(/j^_^^) are stably equivalent if 
hi — /i2 and a—/? factors through an object in D. Let Def ^^^ j^^^^ denote the 
resulting quotient category which is fibred over hCM/ZiQ and over H/S'q. Then 
Lemma [8 . 2l implies that there are well defined maps of categories fibred in groupoids 
(Tx ■ D6f (fio.A^o) ^^{ha,x) for ^ equal to A4o, £0, £0 and M'^. The associated 



map of functors is ax- 



Note that Def )-^^ j^^^-j is different from mod !?„ 



./(/io,Mo). 



Stably isomorphic modules will in general have different deformation functors. E.g. 
let N = A® UJA- If ^ is not Gorenstein, then one can have Ext^(Ar,iV) ^ 0. But 
in the stable category N is isomorphic to A which is infinitesimally rigid. 
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Wc have the foUowing reformulation. To (ft, : 5 -> T,N) m mod** consider 
r = T®M as a graded S*- algebra with T in degree and N in degree 1. A 
deformation of graded algebras A ~> ^ over 5*1 — >■ in H/S" is equivalent to a 
deformation (Ti,A/i) of {T,J\f). More generally, given a homogeneous morphism 
of Z-graded rings S ^ T and a graded T- module M, there are Andre- Quillen 
cohomology groups of graded algebras oiV{S,T,M) = Hom|^ (L^'^^, Af). Here 
L^/g is the graded cotangent complex defined as Qp/s'S^pT where P = Ps{T) is 
a graded simplicial degree-wise free S-algebra resolution of T and ilp/s denotes 
the Kahler differentials, see [28l IV] for more details (in a more general situation). 
See also ^Jj. li h : S T and p : Si ^ S are graded ring homomorphisms with 
p being surjective, then a lifting of h ('of T') along p ('to Si) is a commutative 
diagram of graded ring homomorphisms 

(8.3.1) T^-^Ti with gOS* : Ti(8)si5 T and Torf (ri,5') = 0. 

I p I 

Two liftings Ti and T{ of T to 5*1 are equivalent if there is a graded S'l-algebra 
isomorphism Ti = T{ commuting with q and g'. There is an obstruction theory for 
liftings of graded algebras in terms of graded Andre-Quillen cohomology groups. 

Proposition 8.4 ( |28[ 132 ) ). Given graded ring homomorphisms S* — > T and p : 
Si ^ S with p surjective and = for I = kerp. 

(i) There exists an element ob(p,T) € oH^(5', T, T®/) which is natural in p 
such that ob(p, T) = if and only if there exists a lifting of T to Si. 

(ii) // ob(p, r) = then the set of equivalence classes of liftings of T to Si is a 
torsor for qH {S, T, Tig)/) which is natural in p. 

The element ob(p, T) is called the obstruction class of (j),T). If the rings and 
modules are concentrated in degree this equals the ungraded case and the coho- 
mology groups equals the ungraded Andre-Quillen cohomology H*(S', T, T®/). 

Proposition 8.5. Suppose T is an {ungraded) S-algebra and N is a T-module. 
Let r — T(BN be the graded S-algebra with T in degree and N in degree 1 and 
let J be a graded F-module with graded components J = Jo®Ji of degree and 1. 
Then there is a natural long-exact sequence: 

^ Rom^iN, Ji) oDcr5(r, J) Ders(T, Jo) A 

Ext;^(iV, Ji) — > oil\S,r, J) ll\S,T, Jo) A Ext^(7V, Ji) ^ . . . 

Proof. To the graded ring homomorphisms S ^ T ^ P there is a distinguished 
triangle of transitivity 

(8.5.1) Lf/T/s ■ L^/s^tT — > Lf^g — > Lf^rp — > L'?j^^g(g)TP[l] 

in the graded derived category of P, see [55J IV 2.3.4]. The (standard) simplicial 
resolution Prir) equals T in degree 0, the (standard) T-free resolution Ft{N) of 
the T-module iV in degree 1, and higher degree terms, see [28j IV 1.3.2.1]. It follows 
that llomp{L^^rp,J) = Hom^ (Tt(A^), >/i)- Since L^/g = Lt/s is consentrated in 



degree 0, Homf^ {L^,g(>^Tr, J) = llomrp{LT/s, Jo)- D 



Lemma 8.6. Let h : S ^ T be a finite type Cohen- Macaulay map and let M 
be a T-module in modi. Let £ ^ M ^ Af and M C ^ M' be an MCM/i- 
approximation and a D^-hull of J\f. Let Xi denote JV, M and C for i = 0,1,2 
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respectively, and put Fi — T®Xi. Let I be any S -module. Then there are natural 
maps of short exact sequences of complexes {see (IS-S-ip ) 

and 

Homf;(Lf;/^/^,ro®/) ^ Homfy_(Lf:^/^/^,r2®/) ^ Homf: (Lf!^/^/5,r2^/). 
T/ie induced maps of graded Andre- Quillen cohomology 

oH"(7r*) : oH"(5,ri,ri(g)/) ^ oH"(S', A, /^o®/) 

oH"(i*) : oH"(^,r2,r2®/) oH"(5,ro,r2®/) 

are isomorphisms for n > and surjections for n — 0. 

Proof. There is a natural map Lp^^^^g^pj/o — ^f-g/T/s '^^ short exact sequences of 
complexes (cf. II 2.1.1.6]) induced by the graded T-algebramap Fi — Fq. This 
gives TT*. Covariance along Fi(S)I — Fq(S)I gives tt*. In each (cohomological) degree 
the rightmost terms are naturally identified with llomrp{Lx/si T(E}I) as in the proof 
of Proposition EH By Theorem!^ and Corollary Hil] one has ExtJ(A^, = 

for n > and the oH"(7r*)-statement follows. The other case is similar. □ 

By Lemma 18.61 (and Theorem 15. 1|) we get induced natural maps for n > 

(8.6.1) (t;(/) : oH"(5, Fo,ro®sI) oH"(5, T,, r,®s/) for j = 1, 2 and 

(8.6.2) T^{I) : Ext?,(Xo, Xo(E)sI) ~> Ext'r^{Xj, Xj(E)sI) for j = 1, 2. 
Example 8.7. By elementary diagram chase Lemma 15^ gives the following: 

(i) If TT* : Ext^(A'',A/'(8)/) Ext^{M,Af'S)I) is an isomorphism for n = 1 and 
injective for n = 2 then crj(/) is an isomorphism and <Ji{I) is injective. 

(ii) If i* : Ext J (A/", 7V(g)/) Ext^(A/', £'0/) is an isomorphism for n = 1 and 
injective for n = 2 then cr2(/) is an isomorphism and cr|(/) is injective. 

9. Deforming hulls of finite injective dimension 

In order to use Artin's Approximation Theorem [5] as extended by D. Popescu 
[3H1I3SI we fix an excellent ring O (see [THl 7.8.2]). We consider the category of local 
henselian O-algebras in H, denoted oH. Fibred categories hCM and mod'' over oH 
and Deffi and Defj over oH/S* are defined essentially as in Section [51 Our previous 
constructions and results are valid in this context as well. In particular deformation 
functors Def(T.A/') • oH/S* Sets are defined and the MCM-approximation and D''- 
hull induce maps of deformation functors as in Definition 18.11 

Definition 9.1. Given a lifting diagram of ungraded ring homomorphisms as in 
(|8.3.ip and a T-module N. Then a lifting of N to Ti is a Ti-module iVi with 
Torf ^ (TVi , S") = and a map Ni N inducing an isomorphism NiiS^S = N. 
Two liftings iVi and N[ of N to Ti are equivalent if there is an isomorphism of 
Ti-modules iVi = N[ commuting with the maps to N. 

There is an obstruction theory for liftings of modules in terms of Ext- groups. 

Proposition 9.2 ( |28|, IV 3.1.5]). Given (ungraded) ring homomorphisms as in 
(|8.3.ip with P ^0 and a T-module N. 

(i) There exists an element oh{q,N) € Exty (iV, iV®/) which is natural in q 
such that oh{q, N) = if and only if there exists a lifting of N to Ti. 

(ii) If oh{q, N) ~ then the set of equivalence classes of liftings of N to Ti is 
a torsor for Ext^(A^, N®I) which is natural in q. 
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The element oh{q,N) is called the obstruction class of {q,N). 

Definition 9.3. Let oA/Zc denote the subcategory of artin rings in oH/k. Let 
F and G be set-valued functors on oH/A: (or oA/fc) with #F{k) = 1 = ^G{k). 
A map if : F G is smooth (formally smooth) if the natural map of sets : 
F{S) — T' F{So) Xg(So) G{S) is surjective for all surjections tt : S Sq in a^/k (in 
ok/k). An element v G F{R) is versal if the induced map Hom^^/j,(i?, — ) ^ is 
smooth and R is algebraic as O-algebra. If the map is bijective then v is universal. 
An element v G F{R) (or a formal element, i.e. a tower {t'n} G \^F{R/m^^)) is 
formally versal if the induced map Hom^Hyj,(i?, — ) — > F of functors restricted to 
ok/k is formally smooth. See [3]. 

Theorem 9.4. Let k be a field and let A be a Cohen- Macaulay local algebraic 
k-algebra. Let N be a finite A-module. Fix a minimal MCM a -approximation 
L ^ M — > iV and a minimal DA-hull iV — >■ L' — > AI' . Consider the map 
gl' ■ Def^y^ — )■ Def(^ of functors oH/fc — > Sets as in Definition 19.11 

(i) If grade N ^ 1 then is injective. 

(ii) If grade N ^ 2 t/ien ctl' restricted to oA/A; is an isomorphism. 

(iii) If grade N ^ 2 and Dcf^^ /las a versal element then a^r is an isomor- 
phism. 

The analogous statements hold for ■ Def ^-j Def if the grade conditions 
are strengthened by one. 

Proof (i): Given S in o^/k and deformations (% : S* T, W") of {A, N) to 5 for 
i — 1,2. Assume that the images ('/i, under aL' are isomorphic to (ft. : 5* — >■ 
T,C'). Fullback along the isomorphisms of % with ft induce for all these modules 
deformations over ft. We show that the VV are isomorphic as deformations over 
h which implies that 0-^/ is injective. Let S'„ = T„ = T(i)Sn etc.. We 

construct a tower of isomorphisms {(/?„ : = ^Mn} and conclude by Lemma 
16.11 that the deformations are isomorphic. The case n = is trivial. Given (pn 
and use it to identify the W„ and denote them by Afn- Let / = ker(S'„+i — J> 
Sn). By Proposition 19.21 there exists an element ^ in Ext7^^(A/'„, A/'„(8'/) giving the 
"difference" of the two deformations of Mn- But Afn® I — -/V<8>/ and by the edge 
map isomorphism of (|2.7.ip we get Extr„(A/'„, A/'n®/) = Ext\{N,N)®I for all If 
i > then Ext^(i', L') ^ Ext\{N, L') and Ext^(A^, N) Ext^(A^, L') is injective 
if grade ^ i and an isomorphism if grade A^ ^ i + 1. The obtained injective 
map p : Ext\{N, N)^I — > Ext^(L', i')cS)/ induces a map of the torsor actions in 
Proposition 19.21 on the liftings of 7V„ and of C'^^ to Tn+i- Since the ^^-huUs of 
the Wn+i are isomorphic as deformations, p maps ^ to and so f = and by 
Proposition 19 . 2 1 the Wra+i are isomorphic by an isomorphism ipn+i compatible with 

'fin- 

(ii) : By (i) we only need to prove surjectivity. Let (ft : 5 — > T,C') be a de- 
formation of {A, L') to S. We proceed by induction on the length of S. Suppose 
aL'{Tn,Mn) = (Tn.O- Wc find that ob(T„+i T„,AA„) in Proposition [Q maps 
to ob(r„+i ^> Tn,C'^) under Ext^^(A/'„,7V„(8)/) Ext^JC'^, C'„(g)I) which by the 
assumption is injective. By assumption there is a lifting {Tn+i, C'„^i) to Sn-t-i 
so ob(T„+i -T- TmC'n) — 0. Hence there exists a lifting W„+i of 7V„ to Tn+\. 
If crL'(W„+i) = ^t^'n+i the difference of ^>C'j+i and C'^j^^ gives by Proposition 
19.21 a ^ e Exti^ (£J^, £Jj®/). By assumption Ext^^ (-CJ^, £'j(g)/) is isomorphic to 
Ext'^^(A/'^, A/'^(g)/). The corresponding element in the latter perturbs to a 

lifting Mn+l of Mn with CTl' (A/'n+l) = £^+1. 

(iii) : Any S' in o H/A: is a direct limit of a filtering system of algebraic O-algebras 
in oH/k. Since Def 2,,-) is locally of finite presentation {A is algebraic and L' 
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has finite presentation) it is sufficient to prove surjectivity of ctl' for S algebraic. 
Since O is excellent, so is S by ,,19, 7.8.3] and [3T1 18.7.6]. We proceed as in 
(ii) and construct a tower of deformations {Afn}- If {^T,^N) G Def(^^^')(i?) is a 
versal element, there is a corresponding tower of maps {Jn '■ R ^ Sn} such that 
(^T, "A/") induces {(T„,A/'„)}. We obtain the algebra map f : R S which induces 
a deformation {*T,*J\f) of [A,N) to S. We have lim*r„ = limT„ and hence also 
the completion in the maximal ideals gives an isomorphism *T = T. By [51 2.6], 
[551 1.3] and [39J there is an isomorphism *T = T^sS of deformations of A whereby 
*T is identified with T(^sS. The tower of isomorphisms {cr{*Mn) — jC-'n} implies by 
Lemma [6.11 that there is an isomorphism of deformations {*T,a{*J\f)) = (*T, *£') 
where *C' — *T®tCJ ■ To apply Artin's Approximation Theorem we define a functor 
of S'-algebras : sH/fc — > Sets as follows. If S is in sH/fc let T denote T(i)sS and 
let C' denote T®tC' ■ Then F[S) is defined as equivalence classes of pairs of maps 
of T-modules S_ ^ {v : M ^ N ,1 : M ^ C') such that {S f,Af) is a deformation 
of {A, N) to S. A map S S' gives a map of pairs by base change. Two pairs, 
and are equivalent if there is an isomorphism of deformations "W = ^AT 
commuting with the ^1. We show that F is locally of finite presentation. Suppose 
S = line's' for a filtered injective system of algebras in sH/fc. Put = T(g)*5. 
Then In^^T ^ T hy ^ 7.8.3] and [U 18.6.14]. Given f e F{S) as above. Since 
Af has finite presentation and since the maps D and T can be represented on the 
finite presentations, there is a finite T-module W and *T-linear maps V : W ^ A'' 
and V : W" — > = 'T^t-C' inducing ^ by base change. We may also assume that 
Wis W-flat. Hence lin^F(*S') F{S) is surjective, and injectivity is similar. Let *^ 

denote the element in F{S) given by W A and the D-huU *Af *C' . By Artin's 
Approximation Theorem ^ 1.12], [351 1-3], [SH] there exist a. ^ ^ {i^ : Af ^ N, l : 
J\f — > C) with ^1 = In particular lq : Ao jC-'q is injective and by applying 
Proposition [23] as in Example 1 2. 6 U is injective and cokert is S'-fiat. It follows that 
i is the D-huU of A/" and hence fiL' is surjective. The L-case is analogous. □ 

Consider the groupoid of finite type Cohen-Macaulay maps over noetherian rings 
CM R in Section [nm Let O be any noetherian ring. By abuse of notation let 
CM — )■ oR denote the category fibred in groupoids obtained by restriction to the 
category of noetherian O- algebras oR. If O ^> is a Cohen-Macaulay map then 
there is a section s : qR CM defined hy s : S {S T°(^S) and we obtain a 
fibred subcategory T° fibred in sets over oR. We restrict mod, MCM and D to T° 
and obtain categories fibred in abelian and additive categories over T° respectively. 
These restricted fibred categories satisfy the axioms ABl-4 and BCl-2 and we 
obtain restricted versions of Theorem 15.11 and Corollary 15.21 

For the local version, fix a field k and a Cohen-Macaulay local algebraic fc-algebra 
A. Let O ^ T" he obtained by henselisation of a finite type Cohen-Macaulay map 
O ^ T° where O is assumed to be an excellent ring. In particular O and T° are 
excellent rings ([H 7.8.3], [HI 18.7.6]). Assume T°/mTo = k and T°(g>ok = A. As 
above there is a section qH hCM, T° is the fibred subcategory and we consider 
deformations in mod^-o of an object ^ = (S" — )■ T°(^S,N') and obtain the fibred 

category of deformations Def^ := (modp-o)coca/C over qH/S. The deformation 

functor DefJ)- : qH/S' — ^ Sets is defined by the associated groupoid of sets Def^ . 
A special case is given by O = fc and T° = A. 

Corollary 9.5. With these assumptions in addition to those in Theorem 19.41 con- 
sider a^i : Def^ Def'^/ . 

(i) If grade N ^ 1 then a^i is injective. 

(ii) If grade N ^ 2 then a^i restricted to oA/fc is an isomorphism. 
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(iii) If grade N ^ 2 and Def^ has a versal element then a^i is an isomorphism. 

The analogous statements hold for : Def^ — >■ Def J if the grade conditions are 
strengthened by one. 

Proof. This is not a formal consequence of Theorem l9.41 but the proof is similar. □ 

Proposition 9.6. With general assumptions as in Theorem 19.41 

(i) If Q' — HouIj^Ilua, L') and Q — Hom^(a;yi,L) then Q' and Q have finite 
projective dimension and Def^^ = Def^^ q,^ and Def^^ ^ = Defj-^ gy 

(ii) There are natural maps 

s : Def(^ jv,_f) — > Bef^^^j^.j,-^ and t : Bei^^^j^,-^ — > Dcf(^^) 

commuting with the maps ax '■ Def Defj-^ for X equal to M and 

M', and to L' and L, respectively. If A is a Gorenstein ring, then s is an 
isomorphism. 

The analogous statements also hold for the deformation functors Def J . 

Proof. Lemma R.lOl implies (i). For any M in MCM/i let A^^ denote Hom^ (A^, w^). 
There is a short exact sequence M — > oj®" M' giving the short exact sequence 
^ ^ [M'Y . The map s is the composition Defj^^^^-, = Def(^jv/v) -J> 
-Def(^ (jv/')"^) ~ -D6f(AAf')' ^'^^ middle map obtained by taking the syzygy of the 
deformation. If A is a Gorenstein ring then loa — A and there is an inverse 
Def(A,M') Def(^ given by the syzygy map. 

Fix a minimal short-exact sequence L w®'' A- L' . For a deformation X' : C ^ 
L' there is a lifting of /i to a map // : w®' C . If £ denotes the kernel of fi then 
there is a cocartesian map X : C ^ L commuting with uj®^ '^a^- Lemma [521 
A' I— >■ A gives a well defined map of deformation functors t : Def(^ i^i^^ — ^ Def^^ j^y 

There is a commutative diagram of deformations corresponding to (j2.0.8p . with 
uj®^ o;®*^ in the I?-place, which gives the stated commutativity of maps of 
deformation functors. □ 

Corollary 9.7. Let A be an Cohen- Macaulay local algebraic k-algebra with residue 
field k. Suppose dim A ^ 2. Then there exists finite A-modules L' and Q' with 
inj.dimL' ~ dim^ = pdimQ' and universal deformations C G Def;^/(yl) and 
Q'GDcf^,(A). 

Proof Let /i = 1® id : A A<g)kA = T and J\f = Ahe the cychc T-module defined 
through the multiplication map. Then T®Ak = A and M®Ak = k and this gives 
a deformation M ^ k oi the residue field of A which is universal. If L' is the 
minimal D^i-huU of the residue field k then C = a^' {N) € Def^/ [A) is universal by 
CorollaryO If Q' ^ Hom^(wA,^') then HomT(wT,>C') € BeiQ,{A) is universal 
by Proposition 19.61 □ 

The following result extends A. Ishii's f5^, 3.2] somewhat, but the proof is es- 
sentially the same. 

Proposition 9.8. Let k be a field and let A be a Gorenstein local algebraic k- 
algebra. Suppose L ^ M N is the minimal Gohen- Macaulay approximation of 
a finite A-module N . //depth = dim^ — 1 then 

aM : Bet(^A.N) — ^ ^^^{a.m) ^''^d afj : Def;^ — 5- Def^j are smooth. 

Proof. By assumption L = A®^ . Assume {hi, Mi) in Def(^ m){^i) niaps to {h, A4) 
along the surjection 5*1 —5- S. Assume ctm maps {h' ,N) in Def(^ jv)('5') to [h,M). 
We can assume that h' = h and that the minimal MCM/j-approximation of Af is 
£ A X ^ TV where T®\ Let Ci = and choose a lifting pi : Ci ^ Mi 
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of p. Put Ml := cokerpi with its natural map to TV. Then Ni is S'l-flat and 
(JM{hi,Ni) = {hi,Mi)- □ 

Remark 9.9. If dim A ^ 1 and an MCM A-module M has a rank, r = rkA/, then 
there is a short exact sequence ^ M ^ N with N a codimension one Cohen- 
Macaulay module, of. [TTl 1.4.3]. Hence in the case A is a Gorenstein domain all 
MCM modules admits MCM^i-approximations by CM modules in codimension one 
and Proposition 19.81 applies. However, it's not always possible to continue this 
reduction: If A is a normal Gorenstein complete local ring any MCM A-module 
M is the MCMyi-approximation of a codimension 2 Cohen-Macaulay module up to 
stable isomorphism if and only if A is a unique factorisation domain, see [441 [5Tj . 

If A is a normal domain there is also a short exact sequence A^~^ M I 
where / is an ideal of grade one or two, see (TUl VII 4 Thm. 6]. Again Proposition 
19.81 applies in the Gorenstein case. Let U denote the regular locus in X = Spec A. 
If T = A^kS for S in feH/fc there is a natural section A T. Let Ut denote 
U Xx SpecT. Consider the subfunctor Def^^ C Def^j of deformations M with 
trivial induced deformation A'^^^^ A4\Ut^ cf. [2^. Assume dimA = 2. Since / := 
H°(C/, /) is a reflexive module, one gets a non-trivial quotient functor Quot^^-j and 
a map Quot^^-j — > Def^^^. The map is also smooth in the Gorenstein case by 
the argument in Proposition 19.81 (contained in [^Hl 3.2]). In particular, if Ea is the 
fundamental module and A/mA — k then Hom^Hy;.(A, — ) = Quot^^^^^ = Def^y^^^ 
gives a mini-versal family for Def^^'^ by the MCM approximation in (j7.4.ip . see [29l 
3.4]. Any nxyi-primary ideal would give a similar result. 

Example 9.10. Assume A/mA — k and let M denote the minimal MCM approxi- 
mation of k. It's given as M = Hom^(Syz^(fc^), oj^i) where d = dim A, cf. Remark 
15.51 One has fc^ = Ext^(fc,tj^) = k. We apply Hom^(— to the short exact 

sequence Syz'^(mA) -> A®'^^ -^=^ m^. Assume dim A — 2. Since Ext^(mA,a;^) = k 
we obtain the MCM approximation of k: 

(9.10.1) O^LJA ^ w®''' — ^ M ^ fc ^ 

In particular rk(M) = (3i - 1 and fi{M) = t{A) ■ (3i + I where t{A) is the Cohen- 
Macaulay type of A. In the case A = A{m) — fc[u™, u™~^v, . . . , v"^]^, the vertex of 
the cone over the rational normal curve of degree m, which has the indecomposable 
MCM modules Mi = (u^ ,u^~^v, . . . ,v^) for i = 0,...,m— 1, one finds that M = 
M®"!^^. We have 

(9.10.2) dimfe T>eilj{k[e\) = dim^ Ext^(M, M) = [m - I) ■ 

while dimfe Def^(/c[£]) = m + \. Even in the Gorenstein case (m = 2) the tan- 
gent map isn't surjective and so Proposition 19.81 cannot in general be extended to 
depth — dim A — 2. For a detailed description of the strata defined by Ishii in 
[29] of the reduced versal deformation space of M, see [22]. Applying Hom^(fc, — ) 
to vn-A A ^ k gives an exact sequence 

(9.10.3) ^ Ext^(fc,fc) Def;^ Jfc[e]) — ^ fc*(^) Ext^(fc,fc) 

since Ext^(mA,nx^) = Ext^(fc,myi) and dim A = 2. In the case A = A{m), N = 
m^, the fundamental module Ea gives the MCM approximation and Ea = TW^-i 
with dimfe Def;^^(fc[e]) — 4(to — 1). The conclusion in Proposition 19.81 cannot hold 
in the non- Gorenstein case m > 2. 
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10. Existence of versal elements 

Let fc be a field, A an algebraic fc-algebra with A/mA = k and TV a finite A- 
module. Without any Cohen-Macaulay condition on A we define a deformation 
(/i : iS — >■ T,J\f) of the pair {A,N) to an S in ^H/fc as before and obtain the 
deformation functor Def^^ : feH/A: — >■ Sets as equivalence classes of deformations 
of pairs. 

We say that A is an isolated singularity over k if there is a finite type /c-algebra 
A^^ with a maximal ideal nxo such that the henselisation is isomorphic to 

A and which is smooth over k at all points in Spec A*' \ {mo}. We say that the 
pair [A, N) is an isolated singularity over fc if ^ is an isolated singularity over fc 
and if A''p is a free Ap-module for all prime ideals p ^ xnA- The following result is 
a consequence of a result of R. Elkik and an argument of H. von Essen. 

Theorem 10.1. Let {A, N) be an isolated singularity over the field fc with A equidi- 
mensional. Then Def^^ : /jH/fc — > Sets has a versal element. 

Proof. We apply [31 3.2] (cf. [2]) to show the existence of a formally versal element 
for Def(^^-). By the finiteness conditions it follows that Def is locally of 
finite presentation. The condition (SI) holds in general by Proposition 18.41 Let 
{h : S T,JV) be a deformation to S and / a finite S'-module. If we can show that 
Exty(A/',7V(g)/) and H^S", r,T®/) are finite S'-modules, then condition (S2) holds 
by Proposition 18.41 and Proposition 18.51 

Let h^^ : S ^ T*' be a finite type representative of ft, : S" — > T. In particular 
(Tf*)!i ^ T for a maximal ideal m with fc(m) ^ fc. Put = /i"(8)sfc : k A^K We 
may assume that Hq is smooth in the complement of m-o = m^^* . The non-smooth 
locus V{J) of /i*' is defined by an ideal J C T^* such that the image Jo of J in 
A^' is mo-primary. Put = T'^VJ^+i. Since ^^7^^+^ has finite length, is 
finite over S. By [HI HI 3.1.2] B\S,T^\T^^(8)I) has support in V{J) for i > 
and hence is finite over S. Andre-Quillen homology commutes with direct limits 
and the cotangent complex is trivial for etale extensions. By [21 III 21] we get 
ff(Tf*,T,r(g)/) = Homy(Hi(r*',r,T),T(8)/) = for all i. From the transitivity 
sequence it follows that ff (5, T, T®/) = ll'{S,T^\T^^(»I)(»Tf^T for all i. Put 
Tn = T^^®Ti^T. By [HI 18.5.10] is henschan. It follows that T/v is a quotient 
of and hence H^[S,T^T®T) is finite as S'-module. Similarly (but easier) it 
follows that Ext'^(A/', A/"®/) is finite as S'-module. 

For effectivity, let 7V^* be a finite A^*-module representing N such that A^^' is 
locally free at the smooth points. There is a deformation functor Def^^tt ^tt) : 
feH/fc — > Sets of base change maps of pairs (5 — > T^*, A/"") — > (fc — > A^*, iV^*) where 
T^* is a flat S-algebra of finite type and A/"^' is an S-fiat finite T^*-module. Base 
change is given by the standard tensor product. Similarly there is a Def ^ft : fe H/fc — > 
Sets. Restricted to feA/fc Def(^ft ^,ft) satisfies (SI) and (S2). Let {(T^Mn)} & 
HmDef(^tt^^tt)(S„) be a formally versal formal element (where S„ = S/m^^^). 
Put S = \^Sn. By [13 Theorem 7, p. 595] (cf. [1 II 5.1]) there exists an element 
S in Deleft {S) which induces {T^*}. Let T' be the hensehsation of T*' in the 

maximal ideal m = (T"-^yl)-i(mA). Then S' T' is a deformation of A. Let T* 
be the completion of T' at the ideal n — msT' and let Af* = \imAfn. Then J\f* is an 
S'-flat finite T*-module. Let J* C T* denote the ideal I((p) where ip is a, minimal 
presentation of J\f*. Then J* defines the locus V{J*) where J\f* is not locally free. 
Let J = ker(T' ^ T*/J*). Since T*/J* is finite as S = S-module, T'/J = T* / J* . 
The proof of |42j 2.3] works in this situation too (there is a typo in line 5: it should 
be a direct sum, not a tensor product) and shows that the completion of T' in 
the ideal o = J n msT' equals T* . Since M* is locally free on the complement of 
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V{aT*), the conditions in [13 Theorem 3] hold. From this result we obtain a finite 
T'-module TV inducing A/"*. In particular TV is 5-fiat. 

We claim that the henselisation map Def^^ft jyft) ~^ Def(^ is formally smooth. 
It follows that the element (T',TV) in Def(^ N)i^) formally versal. For the claim, 
put = Af*©Aff* and r = A®N and let tt : S*! 5*0 = be a small 

surjection in feA/A;. The obstruction ob(7r,r^*) G oli^{k,r^*-,r^*-)'S)kI for lifting a 
deformation r'g' of F^^ along tt maps to the corresponding obstruction ob(7r,/o) G 
oU^{k,r,r)®kI- The isomorphisms W{S,T,T) ^ ll'{S,T^\T^^)^TttT for all i 
implies isomorphisms oH^fc, ^r^') — oH'(fc, F, F) for i = 1, 2 as in the beginning 
of the proof. Smoothness follows by the standard obstruction argument. By [31 
3.2] there is an algebraic fc-algebra R and a formally versal element (T, TV) in 
Def(^^^)(i?). 

Finally we apply 3.3] to conclude that the formally versal element {T,Af) 
is versal. We already have (SI) and (S2). To check 3.3(iii)], let S be alge- 
braic in feH/fc, / an ideal in S and put S* = l^im Sn where Sn — S/F^^^. Let 
»^ = {''T,W) for i = 1,2 be two elements in Def jy) (5'*) and {6'„ : ^ ^^^j 
be a tower of isomorphisms between the S'„-truncations. There are finite type rep- 
resentatives = (*r^*,*TV^*) of the By the cohomology argument above one 
obtains by induction a tower of isomorphisms {6*^* : = ^^nl inducing {6'„}. 
Since S / 1"^^ S = S* where S is the completion of S in the maximal ideal, we 
can apply [T71 Lemme p. 600] to conclude that the henselisations of the *T^* in *T^*/ 
are isomorphic by an isomorphism lifting 6*0 : ^Tq = ^Tq. Further henselisation in 
the maximal ideals gives an isomorphism of deformations = . By Lemma l6. II 
the isomorphism is extended to an isomorphism of the pairs : = which lifts 
9q. By [42l 1.3] condition 3, 3.3(ii)] is unnecessary and we conclude that {T,Af) is 
versal. □ 

Remark 10.2. Let A be an Cohen-Macaulay local algebraic fc-algebra and N a finite 
yl-module. We say that N has an isolated singularity if Np is a free Ap-module for 
all prime ideals p 7^ m^i. In that case a similar, but easier argument gives that Def^ 
has a versal element. This is the result [42j 2.4] of von Essen, but for a slightly 
different fibred category of deformations where henselisation is taken along the 
closed fibre. However it implies the result in our case, essentially by henselisation 
at mo. CoroUarv 110.31 and 110.41 have obvious analogs for Def^ in this case. 

Corollary 10.3. Suppose A is an isolated Cohen-Macaulay singularity over the 
field k and N is a finite length A-module. Let L M ^ N and N ^ L' ^ M' be 
the minimal MCM a- approximation and DA-hull of N respectively. Then: 

(i) Def(^ jv) ^'^'5 versal element. 

(ii) If dim A ^ 2 and Q' denotes IIom^(a;yi, L') then 

Def(A,jv) = Def(^ ^ Def(^^Q,). 

(iii) If dim A ^ 3 and Q denotes Hom^(cLi^,i) then 

Def(A,jv) - Dcf(^^) ^ Dcf(^ Q). 
Proof. This is Theorem HnUl Theorem inn and Proposition inini □ 

Corollary 10.4. Suppose A is a local algebraic k-algebra which is a Gorenstein 
normal domain with dim A = 2 and N is a finite torsion-free A-module with an 
isolated singularity. Let L ^ M ^ N be the minimal MCM A-approximation of N. 
Assume k is perfect. Then Def j-^ jy-j and Def j-^ j^,^^ both have versal elements and 
the map Def^y^ — Def^^ ^^-j is smooth. 
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Proof. Since k is perfect it follows from [19, 6.7.7 and 6.8.6] that {A, N) and {A, M) 
are isolated singularities and hence Theorem 110.11 applies. Proposition 19.81 gives 
smoothness since N torsion-free here is equivalent to N being a first syzygy. □ 

Example 10.5. Indeed, if N is the syzygy module of a finite length module then 
it is torsion-free and locally free on the complement of the singularity. 



11. Deforming maximal Cohen-Macaulay approximations 
OF Cohen-Macaulay modules 

Let h : S ^ T he a, homomorphism of noetherian rings and J\f an 5'-flat finite 
T-module. If i G Spec T with image s E Spec S recall that Ap^ is the localisation of 
Af at the prime ideal t and A/'(i) = A/'pj^Sp, k{s). An {h,JV) -sequence (or just an h- 
sequence if M = T and an /i-regular element if n = 1) is a sequence J = (/i, . . . , /„) 
in T such that the image J in T{t) is a weak A/'(i)-sequence for all closed t and such 
that JM ^ M. Applying the Koszul complex K{J,Af) as in Example 12.61 one sees 
that an (ft,, A/')-sequence is the same as a transversally A/'-regular sequence relative 
to S as defined in [2T1 19.2.1]. In particular; J is an (/i, A/')-sequence if and only if 
J is an AT-sequence and N / JN is S'-flat. 

Theorem 11.1. Let q : O ^ T° denote the henselisation of a finite type Cohen- 
Macaulay map with T° /xnT" = k and T°®ok = A. Suppose J — (/i,...,/„) is 
a q-sequence. Put T° — T° / J , B = T°(i)ok and let J be the image of J in A. 
Let N he a maximal Cohen-Macaulay B-module and L ^ M ^ N the minimal 
MCM A- approximation of N . If oh (A/ — > B,N) = 0, then the composition of 
maps 



of functors from oH/fc to Sets is injective. 

The existence of a splitting B — > A/J"^ implies that oh {A/ J'^ , N) = for all 
S-modules N since A/J'^®bN gives a lifting of iV to A/ P. 

Let C be a category. Then Arr C denotes the category with objects being arrows 
in C and arrows being commutative diagrams of arrows in C. An endo-functor F on 
C induces an endo-functor Arr_F on Arr C. Let B be a local noetherian ring and 
the additive subcategory of projective modules in mods. Let Hom ^ {N, M) denote 
the homomorphisms from N to M in the quotient category mod g = mods/Ps 
i.e. B-homomorphisms modulo the ones factoring through an object in P^. For 
each N in mods wc fix a minimal S-frcc resolution and use it to define the syzygy 
modules of N . Then the association N i~> Syzf N induces an endo-functor on mod ^ 
for each i, considered by A. Heller |25]. Define Ext'p(A^. M) as Hom ^(Svzf TV, M) 
which turns out to be isomorphic to Ext^(A^, Af) for all i > 0. 

Lemma 11.2. Let A be a local noetherian ring and I = (/i,...,/„) a regular 
sequence. Put B = A/ 1 and suppose TV, A^i and N2 are finite B-modules. Let Mi 
denote B(E}Syzf^Ni. 

(i) There is an inclusion un : N — > Mn of B-modules with Mn = B®Syz^iV 
which induces a functor u : mod ^ — > Arr mod ^ . 

(ii) The functor u commutes with the B-syzygy functor: 




ArrSyz^ (un) 



"Syzf JV 
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(iii) The endo-functor i3(g)Syz^(— ) induces a natural map Ext pfiVi , N'?) 
Ext g (Ml , M-?) which makes the following diagram commutative: 

Ext^B(iVi, iVa) ^ Ext'slMi, M2) 




Ext'B(iVi,M2) 

(iv) The inclusion uat : iV B<S>Syz^N splits oh{A/,P B,N) = 0. 

Remark 11.3. Lemma [11. 2 1 (iv) strengthens 8, 3.6] (in the commutative case). 

Proof, (i): Suppose — !• is a minimal v4-free resohition of N. Tensoring the 
short exact sequence Syz^iV A — s> Syzj!^_]^A'^ with B gives the exact sequence 

(11.3.1) ^ Torf (B, Syz^_^N) B(g,Syz:^N F^^i B®Syz^^-^N . 

We have Torf (J5, Syz^.^TV) = Tov^{B,N) = N. Let un be the inclusion N = 
ker(i?(8)yij) B^Syz^N . Then iV 1— > ujv gives a functor of quotient categories. 

(ii) : Let p : Q be the minimal B-free cover and P, — > Syz^iV the minimal 
A- free resolution of the B-syzygy ker(p). Then there is an A-free resolution iJ* — ^ Q 
which is an extension of F^, by P^,. Since Syz„_B = A, tensoring the short exact 
sequence of resolutions by B we obtain the commutative diagram with exact rows: 

(11.3.2) ^ Syz-^iV ^ Q ^ TV ^ 

^ B(E)Syz:^{Syz^N) ^ B'-^Q ^ B(g)Syz:^N ^ 

which proves the claim. 

(iii) : By (ii) it is enough to prove this for i — 0. The case i = follows from the 
functoriality in (i). 

(iv,-^): For the case n = 1 see the proof of [8] 3.2]. Assume n ^ 2. We follow the 
proof of 8, 3.6] closely. Let Ai = A/(/i). Then fJ^^ = Ai(g)F^^i[l] gives a minimal 
Ai-free resolution of ^li^Syz^^TV. We have oh{A/.P ^B,N) = 0^ oh{A/{fif 
Ai,N) = and hence is a direct summand of ^iigjSyz^A''. Let G* — TV be a 
minimal j4i-free resolution of N. Then G* is a direct summand of Fi^-* and hence 
Syz;^iiiV is a direct summand of Syz;^ii(Ai®Syz^iV) = Aii^Syz^N. Tensoring 
this situation with B gives a commutative diagram: 

(11.3.3) N B^Syz^N K-i ^ ^ Fi ^ Fq ^ N 



w 



N B(^Syz^l^N Gn-2 ^ ^ Go ^ N 

Since ob(A/ B,N)=0^ ob(Ai/(/2, . . . , fn)^ ^ B,N)=0 the map m splits 
by induction on n. So u splits. The other direction follows from [H 3.6]. □ 

Proposition 11.4. Let h : S ^ T be a local Cohen- Macaulay map, J = (/i, . . . , /„) 
an h-sequence, h : S ^ T = T/ J the local Cohen- Macaulay map induced from h, 
and (h,Af) an object in MCM^. Let ^ : C M ^ Af be the minimal MCM^- 
approximation of J\f. Then tensoring ^ by T gives a A-term exact sequence 

which represents the obstruction class oh{T / — > T,M) G Ext^(7V, A/"® J/ J^). 

Moreover] ob(F/j2 f,N) ^ Q ob(F/j2 ^ f,M'^) = vf splits 
where 7V^ = ExtJ(A/', w/i). 
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Proof. By Proposition [13] Torf(r, TW) = }l,{K{f)(g)M) = for i > 0. There 
is a map from the defining short exact sequence Syz TV — J> Fq — A/" to ^ lifting 
idjv'- Tensoring with T gives a map of 4-term exact sequences with outer terms 
canonically identified. Hence they represent the same element ob(T/J^ T,Af) 
in Ext|(A/',A/'«)J/J2). 

By the argument in Remark 15.51 we can assume that ^ is given as im{d'^) — J> 
{SyzlAf^y -j> JV"""^ where {F^,d*) is a minimal T-free resolution of TV"". By 
Lemma [TO] ob(r/j2 f,JV'') = if and only ii u : JV"" ^ 'f(8)Syz^A/'^ 
splits. But applying Homj^(— , a;,-) to u gives tt since A/" = Ext J (A/"^ , w/i ) = 
Homj,(A/'v,w^). □ 

Remark 11.5. In the absolute Gorenstein case with n = 1 this is given in (8| 4.5]. 

Proof of Theorem [TTTTl Given 5 in o H/fc and let : S' ^ T and /i : 5 T = T/JT 
be the induced hCM maps. Let W be deformations of N to h for i = 1,2 and 
assume that the minimal MCMft,-approximation modules ^Ai of W are isomorphic 
as deformations of M. We proceed as in the proof of Theorem 19.41 (i) with S'„ = 
S/nig^^, Ml = Af®sSn etc., construct a tower of isomorphisms {ipn ■ W ^ W}, 
and conclude by Lemma lOI that W and W are isomorphic as deformations of N. 
For the induction step we use that the map of torsor actions along Def (Sn+i) 
Def^^(S'„+i) is induced by a natural map p : Ext]j{N,N) Ext\{M,M) which 
is injective. The map p is given as follows. 

Let n : M ^ N denote the MCM^i-approximation and tt : M — > TV be the 
B-quotient. Then tt splits by Proposition 111.41 Hence tt* : Ext^(iV, TV) ^ 
Exts (M,iV) splits. Since J is an M-regular sequence, Ext^(M,iV) Ext^(M, A^). 
Since Ext^(Af, i) = for all i > 0, tt* : Ext\(Af, M) = Ext^(M, N). Summarised: 

(11.5.1) Ext^(Af, N) Ext^(A//, M) 

Ext^(A^, N)c '^'^ Ext^(Af, N) 

□ 

The technique used to prove Theorem 111.11 also gives the following result. 

Theorem 11.6. Let O and T° he henselian and noetherian local rings and q : 
O ^ T° a local and fiat ring homomorphism with T°/m.T° ~ k and T°®Qk = A. 
Suppose J — (/i, . . . , /„) is a q-sequence. Put T° — T" / J, B = T°®cik and let J 
he the image of J in A. Let N he a finite B-module and let M denote the syzygy 
module Syz^N. 

If oh{A/ — s> B,N) = then the natural map s : Def^ — > Defjj is injective. 

Proof. We proceed as in the proof of Theorem 19.41 and 111.11 Given deformations W 
of TV to /i for i = 1, 2. They map to ^Ai := Syz^(W) which we suppose are isomor- 
phic as deformations of M to h. Then the natural syzygy map s^ : Ext^(A^, A^) 
Ext^(Af, Af) induces the map of torsor actions along s of the inifinitesimal exten- 
sions. The composition of s^ with Ext^(Af, Af) Ext\{M,M) ^ Ext^(A^, M) 
commutes with the horizontal map in Lemma 111.21 fiii). But Lemma 111.21 fiv) im- 
plies that (mat)* is injective, hence s^ is injective too. Proceeding by induction on 
m^"'' -truncations of the deformations we construct a tower of isomorphisms and 
conclude by Lemma |6. II □ 

Remark 11.7. Theorem 1 1 1 . 61 resembles [271 Thm. 1]. However Theorem 111.61 makes 
a sounder statement in a more general setting and has a more transparent proof. 
Indeed, the various similar results in [2 7) can be changed and proved accordingly. 
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12. The Kodaira-Spencer map of Cohen-Macaulay approximations 

A modular family of objects is roughly speaking a family where the isomorphism 
class of the fibre changes non-trivially. The Kodaira-Spencer map makes this idea 
precise. We consider the Kodaira-Spencer classes and maps for families of pairs 
(algebra, module) and by invoking the long-exact transitivity sequence we relate 
them to the corresponding notions for the algebra and the module. Then we show 
that Cohen-Macaulay approximation of modular families under certain "global" 
conditions akin to those in Theorem 19.41 and 111.11 produce new modular families. 

The following is a graded version of [2H1 H 2.1.5.7]. 

Definition 12.1. Let O ^ S and S ^ F he graded ring homomorphisms with O 
and S concentrated in degree 0. The map L^/g Ls/o^sr[l] in the correspond- 
ing distinguished transitivity triangle of (graded) cotangent complexes (see (|8.5.ip ) 
is called the Kodaira-Spencer class oi O ^ S ^ F. 

Composing the Kodaira-Spencer class with the natural augmentation map 

Ls/o(^sr[i] — ^ ns/o®sr[i] 

induces an element k{F/S/0) £ oll^{S, F,^s/0'^sr), the cohomological Kodaira- 
Spencer class, which is also given as follows. Let V — Ps/o denote S^oS/I"^ 
where / is the kernel of the multiplication map S®oS — > S. There are two ring 
homomorphisms ji and j2 from S to V defined by ji : s s®l and j2 ■ s t-^ l(E)s. 
Let ds/o denote the universal derivation (induced by j2 — ji)- The principal parts 
of F is 'P<E)sF (with the j2 tensor product), which gives an ^-algebra extension (via 
ji) representing the Kodaira-Spencer class: 

(12.1.1) k{F/S/0): O^ns/o<»sr ~~^Ps/o<»sr ^ F ^0 

see [28l III 1.2.6]. Since P(E)sF has a natural 7^-algebra structure, (|12.1.1I) is 
also a (graded) algebra lifting of F along "P 5 as in Proposition 18.41 The 
ji-extension F®sP — > is a trivial lifting (split by idrCgilp) and the difference 
in oE^{S,F,ns/o®sr) given by Proposition El (n) equals n{F/S/0), see III 
2.1.5]. Moreover, the difference l-p®\Ar — id^^l-p induces ds/o®lT (in degree 0) 
which is mapped to k{F / S/O) by the connecting homomorphism 

(12.1.2) d : Dero(^, ^s/o®sT) oi{\S, F, Qs/o^sr) 

in the long-exact transitivity sequence, see [2H1 HI 1.2.6.5 and 1.2.7]. 

In the special case of 7^ = F(BJ\f, Af a T-modulc and S = F, the transitivity 
sequence of O — T — > is given in Proposition 18.51 The Kodaira-Spencer class 
equals d{dT/o) £ Ext^ (A/", rir/o^TA/") and is called the (cohomological) Atiyah 
class and is denoted by atT/o(A/'), cf. pS", IV 2.3.6-7]. The class is represented by 
the short exact sequence 

(12.1.3) atT/o(A/') : Q^VLt/o^tM — >Pt/o®tM — 
The Kodaira-Spencer map of O S ^ F 

(12.1.4) .g^:Dero(5) ^oH\5,r,r) 

is defined by Z? i-)- k{F/ S/O) where : ^s/o S corresponds to D. Pushout 
of p2.1.ip by /^(g)idr gives the corresponding algebra lifting of F along S[e\ S 
given by g^{D). 

Proposition 12.2. Let F denote the graded S-algehra F®M where O S and 
S ^ F are {ungraded) ring homomorphisms and J\f is a F -module. Consider the 
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transitivity sequence of S T ^ F in Proposition l8.5l 
. . . ^ Ders(T, ng/o^sT) A Ex4(A/-, fls/o^sJ^) ^ oii\S, F, ng/o^sr) ^ 
ll\S,T,ns/o®sT) ^ ... 

(i) The map i* takes the Kodaira- Spencer class K,(r/S/0) to k(T/S/0). 

(ii) Assume k{T/S/0) = and choose an S -algebra splitting a : T ^ V®sT. 
Then there is a class k{(j,N) = k{TIS/0,(j,N) E Ext^{M, ils/o^sJ^) 
which maps to K.{r/ S/O) by u. 

(iii) Let D{a) G DeTQ{T,flg/Q(E>sT) be the derivation corresponding to the split- 
ting a and for each Di G Derc)(5) let X^{Di) denote fP^D{a) £ Derc)(T). 
Then 

Proof. The degree zero part of (jl2.1.ip gives the image i*n{r/ S/O) represented by 
the algebra extension 



(12.2.1) 



k[T/S/0) : -> 17 



T 



Vs/o®sT -^T^O. 



The degree one part is the short exact sequence of T'CSsr-modules 

(12.2.2) a = a{T/S/0, U) : Q.s/o®sM Vs/o®S^f A/" ^ . 

The sphtting cr makes a to a short exact sequence of T-modules which defines 
k{T/S/0,<j,N). 



and the resuh follows from the com- 



For (iii) we have X„{Di) 
mutative diagram 
(12.2.3) 

D{a) E DeTo{TMs/o®sT) ^ Dero(T, r^^/o) 9 ^t/g 



Dero(T,r) 
Exti,(A/-,AA) ^.^^^ 

k{(t,M) e Ext^(7V, rjg/ci^sTV) >-Ext;^(A/', rir/o^TA/") 9 atT/o(A/') 

where the two outer vertical maps are pointed. □ 

We call k((T, TV) for the Kodaira-Spencer class of {T/S/0,a,Af). Define the 
Kodaira- Spencer map of {T/S/0,a,J\f) 

(12.2.4) g^"^^^ : Dero(5) Ext^(A/', A/") 

by g'^'^'^^D) := (/^(g> id),«;(a, A/"). 

In the case T = S®oT° we always choose the S'-algebra splitting S®oT° — >■ 
Vs/o®sS®oT° = Vs/o®oT° given by s®t H> ji{s)®t. In particular n{T/S/0) = 
and we get a canonical Kodaira-Spencer class K,{J\f) and a corresponding Kodaira- 
Spencer map g-^ . 

Remark 12.3. There is no reason to believe that K{a,Af) maps to a.tj'/Q{M) in 
diagram (|12.2.3p for any choice of a. While there is a canonical map of short exact 
sequences (of ^-modules) 



K(cr, M) 



at 



T/O 



(AA) 



SI 



s/o®sJ^ - 

I 



■A/-- 
-AA- 
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T is in general not T-linear. However, in the case 5 ^ T is smooth then Qg/^^T 
^T/o ~^ ^T/s is spht exact and hence there is a non-canonical lifting of the univer- 
sal derivation in Deia{T, ^t/o) to Der o{T, fts/o^T) and the corresponding choice 
of splitting cr makes t T-linear and so (or by (|12.2.3|) ) K{a,N) maps to aXj./Q{I\f). 

Example 12.4. Another special case is given by the base change oih : S ^ T with 
itself to h(^T : T ^ T®sT = r®^ and a T-flat T^^-module N, cf. Section H Then 
k{T®'^/T/S,N) in Ext;^»2 (TV, riT®2/T<8'A/') equals aXT«>2 /tW)- The multiplication 
map iij"i>-2/rp : Vt^/t T®"^ equals idr ®A^t/s ■ T®s'Pt/s ~^ T®^. It follows 
that at7-®2/7-(7V) maps to at7-/5(7V) in Exti^(A/', ilT/s®TV) by the natural map. If 
N = T then atT/s(r) = 0, but in general atr»2/7.(T) ^ 0. 

Example 12.5. The transitivity sequence of O ^ T A T and J with T = T©7V 
and J — Jo(BJi in Proposition 18. 51 

(12.5.1) ^ Homj,(A/', Ji) ^ oDerc,(T, J) ^ Dero(T, Jq) ^ Ext:^(7V, Ji) ^ . . . 

suggests the following characterisation. An element V G oDero(r, J) is given by 
its degree restriction D := i*{V) e Derci(T, Jq) and its degree 1 restriction 
:= e Homo(7V, Ji) which should satisfy the following Leibniz rule: For all 
t in T and n in TV 

(12.5.2) Voitn) = tVoin) + D{t)n . 

With notation as in Proposition 112.21 recall that K{r/S/0) = d{ds/o®^T) in the 
transitivity sequence oi O S ^ F: 

(12 5 3) ^ oDcrs(r, ns/o®r) ^ oDcro(r, ^s/o®n ^ Dero(5, ns,o®T) A 
oHi(5,r, 17s/o®r) ^ ... 

Hence K{r/S/0) = if and only if there exists a D g Derc)(T, ils/o^T) which 
restricts to ds/o^^T and a Vd G HomQ(TV, JIs/o^TV) satisfying p2.5.2p . As a 
well known special case {S = T) we get aiT/oi^) = if and only if there exists a 

V e Homc)(A/', VIt/o®J^) satisfying (|12.5.2p with D = dT/o S Derc)(T, r^T/o) (i-e- 

V is a connection), or equivalently, a graded derivation 2? G oDerc)(T, $1^/0®^^) 
restricting to dr/o- Note that (|12.5.ip with J = Ht/o^tT equals (jl2.5.3p in this 
case. 

Recall the maps of cohomology groups o'j(/) and Tj{r) in (|8.6.ip and (|8.6.2p . 

Proposition 12.6. In addition to the assumptions in Lemma 18.61 suvvose O ^ S 
is a ring homomorphism. For j — 1,2 the following holds: 

(i) The map aj(fls/o) takes k^Fq/ S/O) to K{Fj / S/O) and the Kodaira- Spencer 
maps g^* : T)eroiS) — > o^^iS, Fi,Fi) commute with crj, i.e. (yjg^° — g^^ ■ 

(ii) Assume k{T/S/0) = and choose an S-algebra splitting a : T V®sT . 
Then T^{Q,g/Q) maps K{cf,N) to K{a,Xj) and the Kodaira- Spencer maps 
g(>y.x,) . Dero(S') ^ Ext^(A:i,X,) commute withrj, i.e. rjg^"'^^^ ^K^.). 

Proof, (i): Put Kj = k{Fj/S/0), Q = Og/o and let F{l) : Fq ^ F2 denote the 
graded ring homomorphism induced from l. Then T(t) induces a map of short exact 
sequences kq K2, hence a map of short exact sequences F{l)^:Kq — ^ F{l)*K2, i.e. 
cr2(r2)(Ko) = {F{l)*)~^ F(l)^,kq = K2- The maps cr2{fl) and (72(5') commute with 
the covariant action of Dero(S'), hence the second assertion follows from the first. 
The arguments for the cases j = 1 and (ii) are similar. □ 

There are corresponding local Kodaira- Spencer maps given as follows. Let t G 
SpecT map to s G SpecS" and consider the localisations Sp^ — > Tp^ and Sp^ — > Fp^ 
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and the induced map O Sp^. The localisation map o^^iS, r,Qs/Q^sr) — >■ 
[Sp, , Tp, , fls^jo^s,^ ) maps K{r/S/0) to «(rp, /5p^ /O) . Let R{rp^ /S^^ /O) 
denote the image in oH^(S'p, , Fp^ ,^Sp^/o'^Sf,,r{t)) by the map induced from Fp^ — >■ 
rp^/ptTp^ — r{t). Assume that Fp^ is Sp^-flat. Then the natural base change map 

(12.6.1) oii\m,r{t),ns^jo(^s,^r{t)) ^ oii\Sp,,Fp^,ns^jo^s,,r{t)) 

is an isomorphism, see |28[ II 2.2]. With this identification we define g^(t){D) := 
{f^(^idr{t))*K{rpJSpJO) for any D in DeioiSp,, k{s)) and obtain local Kodaira- 
Spencer maps at t of F, and (similarly) of T, respectively: 

(12.6.2) 5^(i) : DevoiSp^,Hs)) ^oR\kis),Fit),Fit)) 

(12.6.3) g^it): Dero(5p, , fc(s)) ^ (fc(s), r(t), T(t)) 

commuting with the natural map oH^(fc(s), r(t), r(f)) H^(fc(s), T(t), T(i)) in 
Proposition [831 Note that if O is an algebraically closed field then DeioiSp^ , k{s)) 
is canonically isomorphic to the Zariski tangent space at any closed point s G 
Specs'. 

Let V and fl denote Vs^ /o ^^^d flg^ /q respectively. Assume F — F®M. As in 
the global case we get a graded algebra extension representing Ji^Fp^/ SpJO) which 
in degree 1 is a short exact sequence 6i{t) : ^®M[t) — k(s)®V®Mp^ — ?► M{t). If 
R{TpJSpJO) = we choose an S-algebra splitting a : F{t) — )• k{s)®'P®Fp^ and 
the local Kodaira-Spencer class k;(ct,A/'pJ in Extp(j)(A/'(t), 0(8)A/'(t)) is represented 
by the obtained short exact sequence of T(t)-modules. Then we define the local 
Kodaira-Specer map of {TpJ SpJO,a,Mpt) 

(12.6.4) : Dero(Sp,,fc(s)) Ext:^(,)(AA(i), AA(i)) 

by ff(-'^)(<)(i^) (/^®id),S(a,AApJ. 

Similarly, the class g^{t){D) is represented by a lifting of graded algebras F' 
F{t) along k{s)[e] k{s). If the lifting g'^{t){D) : F' F(t) splits, a choice 
of splitting makes the short exact sequence Q.{t){D) : eAf{t) N' —> Af{t) F- 
linear and defines a{t){D) as an extension in the subspace Exty(-j-)(7V(t),7V(t)) of 
Ext^,(A/'(t),A/'(t)). 

We assume that O is an algebraically closed field k for the rest of this section. 

Definition 12.7. Let h : S F he a. local flat map of noetherian fc-algebras and 
TV an 5-flat T-module. Put F = r©7V, A = F(g)sk, N = ^f(g)sk and F{0) = 
F^S'k = A(BN. We say that {h,M) is locally modular if the local Kodaira-Spencer 
map g^{0) : Deik{S,k) oH^fc, r(0), r(0)) is injective. If in addition F = S^kA 
then A/" is locally modular if 5-^(0) : Derfc(S', fc) — >• Ext^(A^, N) is injective. 

If /i^' : 5 — T is a faithfully flat flnite type map of noetherian fc-algebras with 
a fc-point t G SpecT mapping to s e Spec 5 and TV is an S-flat flnite T-module, 
we say that {h^*",]^) is modular at t if the henselisation of (/i^',7V) at t is locally 
modular. If A is a flnite type fc-algebra and F ~ S®kA, then TV is modular at t 
as T-module if its henselisation at t is locally modular. Let V(/i,TV) (Vt(TV) if 
T = S^kA) denote the set of fc-points t e SuppTV where {h,Af) (respectively TV as 
T-module) is modular. 

Corollary 12.8. Let h : S ^ F be a finite type Cohen- Macaulay map of k-algebras 
and let M he in mod^. Suppose there is an h-regular element contained in Ann^TV. 
Let L : U ^ C M' be a Df-hull for TV. Fhen 



y{h,Af) = V{h,C') and VriJ^) = ^TiC) if F ^ S(EikA 
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Proof. Let t be a fc-point in SpecT. By Theorem 15.11 dt) is a Dj-j^jj-hull for Af{t) 
and by Proposition 16.21 Ut) is minimal if and only if Lp^ is minimal. In particular; 
the minimal hull of J\fp^ is a direct summand of C'p^ . We therefore assume that Lp^ 
and hence L(t) is minimal. 

By the grade condition on M{t), the map T2 in (|8.6.2p is injective. It implies that 
the map : oH^(fc(s), ro(t), ro(t)) oH\fc(s), 1^2 (0: -^2 (0) in (|gXT|) is injective 
and Proposition 112.61 gives the statement. □ 

Example 12.9. Let A be a CM finite type fc-algebra and domain of dimension 
^2. Let h: A-^T = A®^ be the base change by S" = A and A/" A be the ^-flat 
T- module defined by the multiplication map T — A. Let A C SpecT denote the 
closed points on the diagonal and let t be a closed point in Spec T mapping to s in 
Spec A. lit^A then 7V(t) =0. If t e A then T{t) ^ Ap^ and A/'(t) = k{s). The 
local Kodaira-Spencer class K(7V(t)) £ Ext^^ (fc(s),f2^^ /j,(g)fc(s)) is represented by 

(12.9.1) ^ ^A,„/k<»Hs) ^ k{s)<S>rA„,/k ^ fc(s) ^ 

sjs a|x II 
^ m/m^ ^ A/m^ ^ fc(s) 

(with m = ps) where S{x) = dA™/fc(2;)®l and x is induced by l(8'j2 (note that if 
x,yGm then l(8)j2ixy) = l®([j2(a;) - Ji(a;)][(j2(y) - ii(2/)]) G k{s)(^P). The local 
Kodaira-Spencer map g^{t) is given by the pushout 

(12.9.2) e Homfe(,)(m/m^fc(s)) — > Ext\jk{s),k{s)) 3 Lp^R{M{t)) 

which is an isomorphism. By CoroUarv 112.81 we have Vt(A/') — Vt('C) = A. Put 
Q' = Homj.(w;i, C). By Proposition l9.6l also the local Kodaira-Spencer map {t) 
is injective for i € A. Hence Vt(Q') = A. Note that C'{t) and Q'{t) are rigid for 
t i A. 

Corollary 12.10. Suppose T — S®kA for a finite type Cohen- Macaulay k-algebra 
A. Let J = (/i, . . . , fn) be an A-sequence, put B = A/ J and let h : S ^ T = S®kB 
he the induced Cohen- Macaulay map. Suppose M is in MCM^ C mod^ and let C — >■ 
M ^ N be an MCMh- approximation of Af. Assume oh(T/{JTf f,U) = 0. 
Then 

Vf(7V) = VT(7W)nSuppf'. 

Proof. By Proposition lO there is a lifting Mi ^ TV of A/" to Ti_= T/{JTf. It 
induces liftings Mi[t) A/'(t) for all fc-points t — (s,m) in SuppT. The inclusion 
f : Ext^_ (A/'(0,A/'(i)) Ext\^^{M{t), Mit)) in (jll.S.ip commutes with the local 
Kodaira-Spencer maps. Proceed as in the proof of CoroUarv 112.81 □ 
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Abstract. We extend the Auslander-Buchweitz axioms and prove Cohen- 
Macaulay approximation results for fibred categories. We show that these ax- 
ioms apply for the fibred category of pairs consisting of a finite type flat family 
of Cohen-Macaulay rings and modules. In particular such a pair admits an 
approximation with a flat family of maximal Cohen-Macaulay modules and a 
hull with a flat family of modules with finite injective dimension. The existence 
of minimal approximations and hulls in the local, flat case implies extension 
of upper semi-continuous invariants. As an example of MCM approximation 
we define a relative version of Auslander's fundamental module. 

In the second part we study the induced maps of deformation functors and 
deduce properties like smoothness and injectivity under general, mainly co- 
homological conditions on the module. We also provide deformation theory 
for pairs (algebra, module), e.g. a cohomology for such pairs, a long exact 
sequence linking this cohomology to the Andre-Quillen cohomology of the al- 
gebra and the Ext cohomology of the module, Kodaira-Spencer classes and 
maps including a secondary Kodaira-Spencer class, and existence of a versal 
family for pairs with isolated singularity. 
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1. Introduction 

Axiomatic Cohen-Macaulay approximation was introduced by M. Auslander and 
R.-O. Buchweitz in [7]. We define this theory in terms of fibred categories and obtain 
approximation results for various classes of flat families of modules. 

Let ^ be a Cohen-Macaulay ring of finite Krull dimension with a canonical mod- 
ule utA- Let MCM^ and FID^ denote the categories of maximal Cohen-Macaulay 
modules and of finite modules with finite injective dimension, respectively. M. 
Auslander and R.-O. Buchweitz proved in [7] that for any finite ^-module N there 
exists short exact sequences 

(1.0.1) O^L — > M — >N^0 and N — > L' — > M' ~¥ 

with M and M' in MCM^ and L and L' in FID^. The maps M N and N ^ L' 
in (|1.0.1I) are called a maximal Cohen-Macaulay approximation and a hull of finite 
injective dimension, respectively, of the module N. The association N i-^ X ioi X 
equal to M, M' , L and L' define functors of corresponding stable categories. In this 
article we study the continuous properties of these functors. 

Linear representations provided by (sheaves) of modules and the associated ho- 
mological algebra plays an important role in algebra and algebraic geometry, e.g. as 
a means for classification by providing invariants. Finite complexes have particular 
properties as seen in the Buchsbaum-Eisenbud acyclicity criterion and the intersec- 
tion theorems of Peskine, Szpiro and Roberts. However, for a non-regular local ring 
A, the standard homological invariants are given by the (generally) infinite minimal 
A-bee resolutions, of which very little is known. To stay within finite complexes 
one can enlarge or change the category of resolving objects and Cohen-Macaulay 
approximation is a structured way of doing this. 

Let Da denote the subcategory Addjw^} of modules D isomorphic to direct 
summands of the w®'^. A part of the approximation result says that all the mod- 
ules in F\Da have finite resolutions by objects in D^i. In particular the MCM 
approximation in (|1.0.ip can be extended to a finite resolution 

(1.0.2) — > — > ... — > D-^ — > M — ^ iV ^ 

with the in Da- In the case A is Gorenstein, equals the category of finite 
projective modules Pa- This generalises: By a result of R. Y. Sharp [32] the functor 
Hom^(a;A, — ) gives an exact equivalence ~ Pa, hence a finite projective resolu- 
tion is associated to A^. In the case A is local, the approximations and the complex 
can be chosen to be minimal and unique (with ^ a;®"* ) and in particular the (P 
are invariants of N . 

The developments since Auslander and Buchweitz' fundamental work [7J has 
included studies of invariants defined by Cohen-Macaulay approximation; p!^[51[^ 
among several, 'injectivity' and 'surjectivity' properties of the approximation maps; 
[521 133 ES] J and characterisations of quasi- homogeneous isolated singularities; cf. 
[271 [3B], all exclusively in the Gorenstein case. Noteworthy is [4vi, where A.-M. 
Simon and J. R. Strooker related some of these invariants with Hochster's Canonical 
Element Conjecture and the Monomial Conjecture. In particular these conjectures 
are equivalent to the vanishing of the (5-invariant of certain cyclic modules over 
all Gorenstein rings. S. P. Dutta applied the existence of a FID hull to prove a 
relationship between two of the Serre conjectures on intersection numbers: Failure 
of vanishing implies failure of higher non-negativity in the Gorenstein case under 
certain conditions, see |15] . 

Buchweitz' unpublished manuscript [11 , a precursor to J^, contains homological 
ideas which have infiucnced subsequent developments (e.g. |35)). Auslander and I. 
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Reiten elaborated in [5] on [7], mainly with a view towards artin algebras, instigat- 
ing several generalisations and analogies to Cohen-Macaulay approximation. 

However, the 'relative' and continuous aspects have received surprisingly little 
attention. M. Hashimoto has given several new examples of Cohen-Macaulay ap- 
proximation [23]. In [231 IV 1.4.12] an afiine algebraic group G acts on a positively 
graded Cohen-Macaulay ring T which is flat over a regular base ring R. Hashimoto 
considers graded maximal Cohen-Macaulay T-modules (which automatically are 
i?-flat) and graded modules locally of finite injective dimension (not i?-flat in gen- 
eral), all with G-action. His result (with trivial group) is hence different from our 
Theorem 15.11 We also note some explicit 1-parameter families of indecomposable 
finite length modules Nt (for many Gorenstein rings) such that the minimal MCM 
approximation module Mt is without free summands, see |45j . 

A central part of the classification problem is to prove the existence of objects 
with certain properties and to estimate 'how many' such objects there are. A 
natural question is thus whether there is Cohen-Macaulay approximation for flat 
families of modules. In Theorem 15.11 we give a positive answer to this question. 
For a Cohen-Macaulay (CM) map h : S T and an S'-flat and finite T-module TV 
there are short exact sequences of 5-flat and finite T-modules 

(1.0.3) O^C — >M — >J\f^O and O^TV — >C' — > M' ^ 

such that the fibres of these sequences give 'absolute' approximations and hulls 
as in the two sequences (|1.0.1[) . Note that T in general is not a Cohen-Macaulay 
ring although the fibres of h are. We consider a category mod* of pairs ^ = {h : 
S — >■ T, TV) and subcategories MCM, FID and D. They are fibred over the category 
CM of CM maps and also fibred over the base category of noetherian rings. The 
approximation and the hull (jl.0.3p induces functors of certain quotient categories 
fibred in additive categories over CM 

(1.0.4) mod"/D^MCM/D and mod*/D ^ FID/D 

with analogous properties to the absolute case, li h : S ^ T is a local CM map, 
there is an approximation result with minimal (and hence unique) choices of the 
two sequences in (jl.0.3p , see Corollary 15.71 and 16.31 

A major consequence of these results is that any numerical and additive upper 
semi-continuous invariant of MCM or FID modules by the minimal approximations 
and hulls induces upper semi-continuous invariants for all finite modules, see The- 
orem 16.51 Examples of such invariants are given by the w^i-ranks in the minimal 
representing complex D*(N) which is an (infinite) extension to the right of the 
D^-complex in (|1.0.2p . 

Auslander's fundamental module Ea for a normal 2-dimensional singularity 
Spec A is given by the MCM approximation of the maximal ideal; 

(1.0.5) O^ujA — > Ea — ^ 

which in a certain sense generates all almost split sequences for A, see [3]. As a 
general example of flat Cohen-Macaulay approximation we define the fundamental 
module for any finite type CM map of pure relative dimension ^ 2, see Corollarv l7.3l 
and more generally a 'fundamental' functor of projective modules in Proposition 

An attractive feature of Auslander and Buchweitz' theory is its axiomatic for- 
mulation with several applications besides the classical case described in the first 
paragraph, e.g. coherent rings with a cotilting module, the graded case, approxima- 
tion with modules of Gorenstein dimension 0, and coherent sheaves on a projectively 
embedded Cohen-Macaulay scheme. See [7] and [23] for more examples. We for- 
mulate a relative Cohen-Macaulay approximation theory axiomatically in terms of 
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categories D C X C A fibred in abelian and additive subcategories over a base 
category C. In addition to the Auslander-Buchweitz axioms (ABl-4) for the fibre 
categories we formulate two axioms (BCl-2) regarding base change properties of 
the fibred categories. ABl-2 and BCl-2 imply the existence of an approximation 
and a hull which are preserved by any base change, see Theorem 14.41 If AB3 holds 
too, we get functoriality and adjointness properties in suitable stable categories fi- 
bred in additive categories, see Theorem 14.51 In the case described above C = CM, 
A is the category mod of pairs {h : S T,J\f) where A/" is a finite T-module (no 
S'-flatness) and X = MCM. Another application of this theory is given in (29] . 

In the second half of the article we proceed to study properties of continuous 
families of MCM approximations and FID hulls by homological methods. As a 
consequence of the existence of minimal approximations and hulls of local flat fam- 
ilies there are induced natural maps of deformation functors of pairs of algebra and 
module: 

(1.0.6) Def(^^^) — yBef^^ x) for X = M, M' , L and L' 

There are corresponding maps Def^ — Def^ of deformation functors of the mod- 
ules where A only deforms trivially. Rather weak conditions on N, e.g. grade N ^ 1, 
respectively grade iV ^ 2, imply the injectivity and formal smoothness of these maps 
for X — L'. If, in addition, there is a versal family in Def jy) (or Def^) then 
the maps are smooth for the appropriate category of henselian rings, see Theo- 
rem 19.21 and Corollary 19.51 As a consequence each CM algebraic fc-algebra A with 
A/xnA — k and dim A ^ 2 has a flnite A-module Q' of finite projective dimension 
with a universal deformation in DeiQt{A), see Corollary 19.81 There are analogous 
general results for X — Af , see Theorem 19 .41 and Corollarv l9.6[ with applications in 
Corollary 19 . 91 and 110.51 E.g. if there is a closed subschcme Z in Specv4 containing 
the singular locus and with complement U such that Ni^u = and depth^ ^ 2 
then (Tm : Def Def ^^-j is formally smooth. Or if Spec A is a 2-dimensional 

normal Gorenstein singularity and N is torsion-free then the map ctm is smooth. 
In this case both functors have versal elements by Theorem 1 10. 2 1 

Consider a quotient ring B = A/I defined by a regular sequence / = {fi, . . . , fn) 
and an MCM B-module N. Then N is also an A-module with an MCM approxi- 
mation M N. UN has a lifting to A/l'^, then the composition of natural maps 
Def^ — Def;^ — Def^j is injective, see Theorem lll.il It turns out that the lifting 
condition is equivalent to the splitting of B(E}aM — )• N (this generalises [SI 4.5]). 

The second part of the article also contains some general deformation theory 
of a pair {h : S —?' T,J\f) of an algebra and a T-module. We define the graded 
algebra F :— T®N and consider the graded Andre-Quillen cohomology qH* (5, T, J) 
which govern the obstruction theory of the pair. In the case the graded T-module 
J is concentrated in degree and 1 there is by Proposition 18.81 a natural long- 
exact sequence which in the case J = F (with oII*(S', T) — oll*{S,F,F)) gives the 
suggestive 

^ Endy(A/') -> oDer5(T) Der5(r) ^ Exti, (A/", TV) ^ oH^S", T) ^ 
(1.0.7) 1 o , , 

h1(S', T) -> Ext^(A/', AA) ^ oH^(5', T) ^ h2(S', T) ^ . . . 

It relates the cohomology of the pair with the cohomology groups governing the 
obstruction theory of the algebra T and of the module Af. The sequence is used in 
the proof of the existence of a versal element in Def j-^ j^) where Spec A is an isolated 
equidimensional singularity and N is locally free on the smooth locus, see Theorem 
110.21 It is also used to define and study the Kodaira-Spencer class k{F/S/A) in 
o}i^{S,F,Vls/A®r) (where A^ S is a another ring homomorphism) which maps 
to the ungraded Kodaira-Spencer class k{F/S/A). In the case the latter is zero 
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we define a 'secondary' Kodaira-Spencer class k((T,7V) in Ext^(7V, fls/A'^J^) which 
depends on a choice of an S'-algebra splitting a. This enables us to define 'global' 
Kodaira-Spencer maps 

(1.0.8) -.BeiAiS) ^ oll\S,r,r) and g^"'^'' : DeiAiS) ^ Ext^j,{J\f,Af) . 

We also describe how classes and maps are related to the Atiyah class atT/A{^) in 
Ext^{Af,i^T/A®-^)- These results might have a certain independent interest. The 
arguments are general and should be extendable to the setting of L. Illusie's [50] . 

Injectivity of the corresponding local Kodaira-Spencer maps gives a criterion 
for a global flat family to be non-trivial. The Kodaira-Spencer maps commute 
with Cohen-Macaulay approximation and this is applied to show that injectivity 
of the Kodaira-Spencer map is preserved by Cohen-Macaulay approximation under 
conditions as in Theorem 19.21 19.41 and 111.11 

To make the text more reader friendly we have included some background mate- 
rial, e.g. on Cohen-Macaualy approximation and Kodaira-Spencer maps, and some 
of the central technical tools such as a general 'cohomology and base change' result 
and some language of fibred categories. Many results have analogous parts with 
similar arguments and the policy has been to give a fairly detailed proof of one case 
and leave the other cases to the reader. 

2. Preliminaries 

All rings are commutative. If A is a ring, Modyi denotes the category of A- 
modules and modA denotes the full subcategory of finite A-modules. If A is local 
then xiiA denotes the maximal ideal. Subcategories are usually full and essential. 

2.1. Axiomatic Cohen-Macaulay approximation. We briefly recall some of 
the main features of Cohen-Macaulay approximation as introduced by Auslander 
and Buchweitz in [7 . In this section let A be an abelian category and D C X C A 
additive subcategories. Let X denote the subcategory of A of objects N which have 
finite resolutions — J> M„ . . . Mq N —i' with the Mi in X. If n is the 
smallest such number, then X- res. dim A^ = n. Let X-inj.dimA^ be the minimal n 
(possibly cxd) such that F,xt\{M, N) = for > n and all M in X. Let X^ denote 
the subcategory of objects L in A with X-inj.dimL = 0; the right complement of 
X. The left complement -"-X is defined analogously. 

Let N be an object in A. An X- approximation and a D-hull of N are exact 
sequences as in (ll.O.ip with L, L' in D and M, M' in X. 

In general any / : M — > A^ in A is called a right \- approximation of N if M is 
in X and any /' : M' ^ N with M' in X factorises through /. Dually, g : N ^ L 
is called a left X- approximation of N ii L is in X and any g' : N L' with L' in X 
factorises through g. 

Consider the following conditions on the triple of categories (A, X, D). 

(ABl) X is exact in A (X is closed under direct summands and extensions). 
(AB2) D is a cogenerator for X, i.e. for each object M in X there is an object D 

in D and a short exact sequence M ^ D ^ M' with M' in X. 
(AB3) D is X-injective, i.e. D C X-^. 

(AB4) A-cpimorphisms in X are admissible (i.e. their kernels are contained in X). 

If ABl and AB2, there exist X-approximations and D-huUs for all objects in X [71 
1.1]. Assume ABl-3. Then any X-approximation is a right X- approximation and 
any D-hull is a left D-approximation. An X-approximation determines a D-hull 
and vice versa through the following diagram of short exact sequences; the upper 
horizontal and right vertical being an X-approximation and a D-hull of N, D is in 
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D. The boxed square is (co)cartesian (see [7J 1.4]): 

(2.0.9) L 

II 1-1 
L ^ D ^ L' 

\ \ 
M' = M' 

Moreover, the category D is determined by X C A. Indeed D X n X^. By ^, 3.9] 
monomorphisms in D are admissible and D = X n X-^. Also X = -LDnX = -LDnX. 
If X/D denotes the quotient category, the X-approximation induces a right adjoint 
to the inclusion functor X/D C X/D and the D-huU induces a left adjoint to the 
inclusion functor D/D C X/D, see [3 2.8]. 

A morphism f : AI N in A is called right minimal if for any g : M ^ M 
with fg = fit follows that g is an automorphism. Dually, / is called left minimal 
if for any h : N N with hf = f it follows that h is an automorphism. Note 
that if f : M N and / : Af ' — ^ N both are right minimal then there exists an 
isomorphism g : M ^ M' with / = f g, and similarly for left minimal morphisms. 

We will simply call an X-approximation (a D-huU) for minimal if it is right (left) 
minimal. 

Example 2.1. Suppose A is a Cohen-Macaulay ring which posses a canonical mod- 
ule oja in the sense that any localisation in a maximal ideal gives a maximal Cohen- 
Macaulay module of finite injective dimension and Cohen-Macaulay type 1, cf. [TUl 
3.3.16]. Let MCMa denote the category of maximal Cohen-Macaulay (MCM) A- 
modules and put D^ := Add{wA}. Then the triple (A,X, D) = (mod^, MCM^, Da) 
satisfies properties ABl-4, cf. [211 I 4.10.11] and X = modA. If A in addition is 
a local ring, then the MCM^-approximation and the D^-huU can be chosen to be 
minimal, cf. [13J Sec. 3] or Corollarv l6.3l 

Let FID^ denote the subcategory of finite A-modules E which have locally finite 
injective dimension, i.e. inj.dim^^ Ep < oo for all p G Spec A. The approximation 

result implies that FIDJ4 = D^: Let L be in D^. By induction on D^- res. dim L 
L is in FID^. Conversely let be in FID^. li L ^ M ^ E is an MCM/i- 
approximation of E then M also has locally finite injective dimension. Let 
denote Hom^(M, w^) and choose a surjection A®" — > M^. Both Af^ and the 
kernel Mi are MCM. Applying HomA(— ,a;A) gives (by duality theory) the short 
exact sequence M 4 w^" M]^ . But i splits since ExtA(Afi^, Af) = bv [TOl 
3.3.3] and so M is in Da and E is in Da. 

2.2. The representing complex. Consider an abelian category A and additive 
subcategories D C X C A. A DX-resolution of an object in A is a finite resolution 
-C* N with -C' e D for i < and "C" e X. If L := coker(d-2 : "C-^ ^ 
"C"^), then the short exact sequence L — > N is an X-approximation. 

A DD -coresolution of is a coresolution N +C*{N) such that +C° £ D, 
"•"C* € D and kerd* € X for i > 0. If M' := keid^ then the short exact sequence 
A^ +C° ^ Af' is a D-huU. Given ABl and AB2, each A^ in X has a DX-resolution 
and a DD-coresolution. Finally, a bounded below D-complex D*{N) : . . . ^ D^^ ^• 
D° ^ . . . with ker G X for alH > and its only non-trivial cohomology in 

degree zero with Yt^{D*) ^ N is called a D-complex representing N . A representing 
complex splits into (and is (re) constructed from) a DX-resolution given by . . . — 
kerd° H°(£)*) = A and a DD-coresolution A^ ^ cokerd^i ^ . . . 

where A' ^ cokerd"^ is induced by kerti^ ^ 
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Lemma 2.2. Assume Ext^(X, D) = 0. Suppose f : Ni N2 is in X. Assume 
F*{Ni) exists for i — 1,2 where F*{Ni) denotes one of the complexes ^C*{Ni), 
+C*(-/Vi) or D*{Ni). Then f can be extended to an arrow of chain complexes 
f* : F*{Ni) — ^ F*(N2) which is uniquely defined up to homotopy. 

Assume ABl-3 for the triple of categories (A,X, D). Then N 1-^ -~C*{N), N 
+C*(iV) and N t-^ D*{N) induce functors to the homotopy categories of chain 
complexes as follows: 

-C*:X^K^{X) +C*:X^K+(D) D* : X/D ^ K+(D) 

Proof. The proof for ^C*{N) and +C*(A^) follows standard lines for constructing 
chain maps and homotopies. The assumption Ext^(X, D) = is used every time a 
lifting or extension of an arrow is required. 

Let {D*,d*) = D*{N,) and let M, = kerd^ and Li = imd~^ Then there are 
short exact sequences Li — J> Mi — J> Ni which by assumption are X-approximations. 
Since Ext^(Mi, L2) — 0, the arrow Ni N2 extends to the X- approximation and 
further on to the negative part of the complexes. If = kerd^^ then the are 
in X by assumption and there are short exact sequences Mi — > — > M^. There 
is an extension of Mi D2 to ^-nd an induced arrow M[ -> Afj which 

again extends and so on to a chain map f*:Dl^ Dj. 

Let g* : Dl D2 be a chain map, put g — H°(g*), s = f—g and s* = f*~g*. 
Suppose s factors through D in D; s = ab with a : £> — > A^2- Since Ext^(_D, L2) — 
there exist a lifting a : _D — > M2 of a. Put hj^ — ab and continue similarly to 
construct a homotopy h for the extended negative part: 

^ ^ Ml ^ TVi ^ 




^ D^^ ^ D^^ ^ M2 ^ N2 ^ 

In particular /im : Mi can be extended to an : D\ with 

s~^ — h^di^+d2^h~^ . The construction of the /i* for i > is standard. □ 

Lemma 2.3. Assume ABl-3 for the triple of categories (A, X, D). Given an exact 
sequence e : — > A'^i — > N2 — >■ N^, — >■ with objects in X. Then there are exact 
sequences of complexes where e equals the cohomology: 

(i) ^ -C*{Ni) — y -C*{N2) — > "C*(A^3) -> 

(ii) ^ +C*{Ni) +C*{N2) +C*(iV3) ^ 

(iii) ^ D*{Ni) — > D*{N2) — > D*{N3) -> {termwise split exact) 

Proof. Choose X-approximations Li Mi Ni for i — 1,3. There is an 3x3 
commutative diagram of 6 short exact sequences which extends the "horseshoe" 
diagram, cf. [MJ 1.12.11]. One obtains an X-approximation of N2 and short exact 
sequences m : Mi — > M2 — > A/3 and Li ^ L2 ^ L3 in X and D respectively since 
both categories are closed by extensions (by ABl and [7i 3.8]). If D*[l] ^ Li are 
finite D-resolutions then since Ext\iD^^,Li) = there is a lifting 773 : ^ — > L2 of 
773 which combined with r]i gives 772 : U -03^^ L2. The kernels of the resulting 
arrows between short exact sequences give a short exact sequence of objects in D(5). 
The argument is repeated. Splicing with m in degree zero the short exact sequence 
of ~C*-resolutions in (i) is obtained. 

Choose short exact sequences Mi — M^ for i = 1,3 as in AB2. Since 

Ext^(M3, D\) = there is an extension to an arrow of short exact sequences from 
m to Dl ^ Dl ^ Dl with D^ = D°l[D° and M^ cokcr(Af2 D^) e X 
by ABl. Repeated application of this argument gives a short exact sequence of 
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D-coresolutions and splicing with the sequences in (i) gives (iii). Pushout of Mi — >• 
M[ along Mi Ni gives a short exact sequence of D-huUs and splicing with 
D} ^ Df ^ ... gives {ii). □ 

2.3. Base change. The main tool for reducing properties to the fibres in a flat 
family will be the base change theorem. We follow the quite elementary and general 
approach of A. Ogus and G. Bergman [39] . 

Definition 2.4. Let h : S —?' T he a, ring homomorphism and / an S'-module. Let 
F be an S'-linear functor of some additive subcategory of Mods to Mod^. Then the 
exchange map e/ for F is defined as the T-linear map e/ : F(S)<^sI ~^ ^i^) given 
by I— >■ where we consider u as the multiplication map u : S ^ F Let 

m-SpecT denote the set of closed points in SpecT. 

Proposition 2.5. Let h : S ^ T be a ring homomorphism with S noetherian. 
Suppose {F'^ : mods ~^ rnod^lq^o is an h-linear cohomological S-functor. 

(i) // the exchange map e^^^ : F'^{S)(EisS/n — >■ F'^{S/n) is surjective for all 
n m Z = im{m-SpecT ^ SpecS*}, then e] : F''(S)®sI F'i{I) is an 
isomorphism for all I in mods. 

(ii) If e's/n is surjective for all n in Z, then e| ^ is an isomorphism for all I in 
mods if and only if F'^{S) is S-flat. 

Note that if the F'^ in addition extend to functors of all S'-modules F"^ : Mods ^ 
Modx which commute with direct limits, then the conclusions are valied for all / 
in Mods- 
Example 2.6. Suppose S and T are noetherian. Let K* : ^ ^ . . . 
be a complex of S'-flat and finite T-modules. Define : mods ^ modr by 
= W{K*®sI)- Then {F'^jq^o is an /i-hnear cohomological (5- functor which 
extends to all S'-modules and commutes with direct limits. 

Example 2.7. Suppose S and T are noetherian. Let M and N be finite T- 
modules with N S'-flat. Then the functors F'^ : mods — ^ modr defined by F'^{I) = 
Ext|,(M, 7V(g)s/) for give an /i-linear cohomological (5-functor which extends 
to all S-modules and commutes with direct limits. 

Let S ^ T and S -> S" be ring homomorphisms, M a T-module, T' = T(E)sS' 
and N' a T'-module. Then there is a change of rings spectral sequence 

(2.7.1) E^^« = Ext«„(Tor^(M, S'),N') ^ Ext?+«(M, TV') 

which, in addition to the isomorphism Hom^; (M(8)sS", A^') = Hom2-(M, TV'), gives 
edge maps Ext^,{Mi^sS' , N') -> Ext|,(M, A''') for g > which are isomorphisms 
too if M (or S") is S'-flat. If /' is an S"-module we can compose the exchange map 
Cj, (regarding /' as S-module) with the inverse of this edge map for A^' = N^sl' 
and obtain a map Cj, of T'-modules 

(2.7.2) cf, : Ext^(Af, A)(g)s/' Ext^, (M(8)sS", A^^s^') • 

Remark 2.8. This is the base change map (in the affine case) considered by A. 
Altman and S. Kleiman, their conditions are slightly different, see [U 1.9]. 

We will use the following geometric notation. Suppose /i : S' — > T is a ring 
homomorphism, Af is a T-module and s is a point in Spec S with residue field k{s). 
Then Ms denotes the fibre M(gisfc(s) of M at s with its natural Tg = T<Sisk{s)- 
module structure. Now Proposition 12.51 implies the following: 

Corollary 2.9. Suppose S — > T and S" — ^ S" are homomorphisms of noetherian 
rings, M and N are finite T -modules, Z = im{m-SpecT — >■ Specs'} and q is an 
integer. Assume that M {if q > 0) and N are S-flat. 
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(i) // Extp^^{M„ N,) = for all s in Z, then c|, m (PT^ is an isomorphism 
for all S' -modules I'. 

(ii) If in addition Extfr^(A/5, N^) = for all s e Z, then Ex4(Af, N) is S-fiat. 

3. Categories fibred in additive categories 

We will phrase our results in the language of fibred categories^. We therefore 
briefly recall some of the basic notions, taken mainly from A. Vistoli's article in 
|17) . Then we define quotients of categories fibred in additive categories. 

Consider a category C. Given a category over C, i.e. a functor p : F — > C. To an 
object T in C, let F(T); the fiber of F over T, denote the subcategory of arrows 
in F such that p{'^) — idy- An arrow (/^i : ^ — ^ in F is cocartesian if for any arrow 
</'2 : C ^ 6 in F and any arrow /21 : _p(Ci) ^(^2) in C with f2ipi^i) = piv2) 
there exists a unique arrow (p2i ■ ^1 ^ ^2 with p{(p2i) = /21 and (p2i'Pi = ^2- If 
for any arrow / : T — )■ T' in C and any object ^ in F with p{^) = T there exists a 
cocartesian arrow : <^ — ^ ^' for some ^' with p{(p) = f, then F (or rather p : F — ^ C) 
is a fibred category. Moreover, ^' will be called a base change of ^ by /. If ^" is 
another base change of ^ by / then ^' and ^" are isomorphic over T' by a unique 
isomorphism. We shall also say that a property P of objects in the fibres of F 
is preserved by base change if P{^) implies P{S.') for any base change ^' of ^. A 
morphism of fibred categories is a functor : Fi — > F2 with P2F = pi such that Lp 
cocartesian implies F{tp) cocartesian. If F in addition is an inclusion of categories, 
Fi is a fibred subcategory of F2. A category with all arrows being isomorphisms 
is a groupoid. A fibred category F over C is called a category fibred in groupoids 
(often abbreviated to groupoid) if all fibres F(T) are groupoids. Then all arrows 
in F are cocartesian. If all fibres F(r) only contain identities, then F is called a 
category fibred in sets. 

Lemma 3.1. Given functors : F G and g : G — > C and suppose q is fi- 
bred in sets. Then F is fibred {in groupoids / sets) if and only if qF is fibred {in 
groupoids / sets). 

If T is an object in a category C let C/T denote the comma category of arrows 
to T . Then the forgetful functor C/T ^ C is fibred in sets, lip : F — s- C is fibred (in 
groupoids/sets), ^ is an object in F and T = p(^), then there is a natural functor 
P{ : F/f — C/T. The composition F/^ — > F C is clearly fibred (in groupoids/sets) 
and hence F/^ C/T is fibred (in groupoids/sets) by Lemma TS. II If p : F — > C is 
a functor and C is a subcategory of C we can define the restriction p' : F|C' ^ C 
of F to C by picking for F|C' the objects and morphisms in F that p takes into C. 
It follows that F|c' is fibred (in groupoids/sets) if F is. 

The composition of two cocartesian arrows is cocartesian and isomorphisms are 
cocartesian. Hence the subcategory Fcoca of cocartesian arrows in a fibred category 
F over C is fibred in groupoids. If F is fibred in groupoids there is an associated 
category fibred in sets F C defined by identifying all isomorphic objects in all 
fibres F(T) and identifying arrows accordingly. If F is fibred in sets one defines a 
functor T : C Sets by F{T) F(T) and F{f) : F{T) F{T') is defined by 
^(/)(C) ■= ViJ where ip^j : ^ ~> rj^j is the (in this case) unique cocartesian lifting 
of /. From a functor G : C ^ Sets one defines a category fibred in sets, and these 
two operations are inverse up to natural equivalences. 

Definition 3.2. An additive {abelian) category F over C is a functor p : F — ;> C 
such that: 

"'^We have chosen to work with rings instead of (affine) schemes. Our definition of a fibred 
category p : F — >■ C reflects this choice and is equivalent to the functor of opposite categories 
pop . pop _^ Qop i-|gjng a fibred category as defined in I17| . 
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(i) The fibre F(r) is an additive (abelian) category for all objects T in C. 

(ii) For all objects and ^2 in F and arrows / : p{^i) — >■ ^(^2) in C, 

Homy(Ci,6) := W e HomF(Ci,6) IpCv') = /} 
is an abelian group, and composition of arrows 

Homy^(^2,6) X Hom^^(^i,f2) -> Honi^^^^(Ci,^3) 
is bilinear. 

A morphism _F : Fi — >■ F2 of additive (abelian) categories over C is a linear functor 
F over C, i.e. which gives linear maps of Hom-groups. If in addition F is an inclusion 
of categories then Fi is an additive (abelian) subcategory of F2 over C. A category 
F over C is fibred in additive (abelian) categories, abbreviated by FAd (FAb), if 
F is both fibred and additive (abelian) over C. Morphisms should be linear and 
preserve cocartesian arrows. A FAd subcategory is a morphism of FAds which is 
an inclusion of categories. For j = 1, 2 let be a FAb over C and C a FAd 
subcategory such that the fibre categories Xi(T) are exact. Then a morphism of 
FAds : Xi — ;> X2 is exact if F preserves short exact sequences for all the fibre 
categories. 

Note that in a FAd finite (co)products in the fibres are preserved by base 
change. Given a FAd subcategory D C F. Two arrows ipi and ip2 in F are D- 
equivalent if p{(pi) = p{'~P2) and Lpi — factors through an object in D. Write 
if I ~ if 2- Define the quotient category F/D over C to have the same objects as 
F and Homp/Q(^i, ^2) ■= Homp(^i,^2)/ ~- The natural map to C makes F/D an 
additive category over C and the natural functor F ^> F/D is linear over C. 

Lemma 3.3. If fi : C ~^ Ci cocartesian in F and <y3 : — > ^2 is any arrow such 
that ipipi then ip ^ 0. 

Proof. Suppose ipipi — j3a with a : ^ — ?> (5 and with 6 in D. If p{/3) : T' — > T2 then 
since D is a fibred subcategory there exists an arrow S ^ 62 which is cocartesian 
in F and with p{d2) — ^(^2) = 72- Replacing d with S2 we assume p{6) — T2. Since 
ifii is cocartesian there exists a unique arrow t : ^1 — >■ J with ripi = a. Since ipi is 
cocartesian uniqueness implies that /3t = ip. □ 

Lemma 3.4. Given a FAd subcategory D C F over C, then the quotient category 
F/D is FAd over C and the quotient morphism F — J> F/D is a morphism of FAds. 

Proof. We first show that ififi : £, ^ £,1 is cocartesian in F then its image [tpi] 
in F/D is cocartesian. Given ip2 ■ £, ^ £,2 and : £,1 ^ £,2 with 0ifi — if2- 
Suppose 9' : £,1 ^ £^2 with p[9') = p{9) satisfies 9'ipi ^ •f2- li f = 9' — 9 then 
ipipi ~ so by Lemma 13.31 if ^ 0. Now we show that [9] is independent of the 
representations of the other maps. Let (/s- : 1^ £i with ^ ifi and suppose (as 
we may) that 9' satisfies 9'ip[ = ip'2 with p{9') — p{9). Again let ip = 9' — 9. Then 
(^2 — ¥'2 = ^'Vi ~ ^V'l = ^'('/''i ~ '/'i) + '/"/'I ~ '/"/'I- Bv Lemma l3.3l v? ^ 0. Given 
/ : T Ti and £ in F/D with p(^) = T there exists a cocartesian ipi : £ £^1 in f 
with p{ipi) — / and by what we have done [tpi] is cocartesian in F/D. □ 

Note that there are in general more cocartesian arrows in F/D than those in the 
image of cocartesian arrows in F. The following lemma characterises the cocartesian 
arrows in the quotient category: 

Lemma 3.5. // p and 9 are composeable arrows in F with p cocartesian and 9 
inducing an isomorphism in F/D, then [9p\ is cocartesian in F/D. Conversely, 
suppose [ip] '. £1 ^ £2 is cocartesian m F/D over f : Ti T2. Then for any base 
change p '■ £1 ^ £,f of £1 over f in F, the induced arrow ip^ ■ £.f £,2 gives an 
isomorphism in f/D{T2). 
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Proof. If /9 : ^1 — > ^2 is cocartesian and [6] '■ ^2 ^ ^3 is an isomorphism, let tp = 9p. 
If T : f 1 — ^4, p{£,i) = Ti and there is a map f : T3 ^ T4 with p{t) — fp{0)p{p), 
then there is a unique arrow /i : ^2 ^ above with pp = r. This gives 

the arrow [/j,][6']~"'^ : ^ ^4- If /^i • '?3 ^ £.4 for « = 1,2 are two arrows with 
= [r], then [/ii][6'] = [/i2][fi'] since [p] is cocartesian in F/D by Lemma [3.41 
Since [9] is an isomorphism, [pi] = [p2]- 

Conversely, since [cp] is cocartesian there is a unique arrow [ip] '■ ^2 ^ in 
F/D(T2) with [ipip] — [p]. By Lemma [5^ [p] is cocartesian. It follows that [(p'^] = 

4. COHEN-MACAULAY APPROXIMATION IN FIBRED CATEGORIES 

Given a category C and a category A fibred in abelian categories over C. Base 
change by an / : T — > T' in C applied to the objects in a complex . . . -> Nd -> 
Nd-i ... in A(r) can by Lemma [3.31 be uniquely extended to a complex and 
yield a commutative diagram where the vertical arrows are the cocartesian base 
change arrows: 

^ Nd+i ^ Nd ^ Nd^i ^ ■ ■ • 

III 

Similarly base change of a commutative diagram A in A(T) gives a commutative 
diagram A"*^ and the base change arrows give an arrow of diagrams A — J> A"^. 

Let X C A be a FAd subcategory. Consider the following two conditions on the 
pair (A, X) and an object T in C. 

(BCl) If a : Ai — ^ ^2 is an epimorphism in A(T) and / : T — T' is an arrow in 
C then any base change of a by / is an epimorphism in A{T'). 

(BC2) Let ^ : ^ A ^ B M ^ be an exact sequence in A(r) with M in 
X(r) and / : T T' is an arrow in C. Then any base change of ^ by / is 
an exact sequence in A(T'). 

The first condition would be satisfied if base change had a right adjoint. The second 
condition mimics fiatness for all objects in X(T). 

The following is an elementary, but essential technical consequence of BCl. 

Lemma 4.1. Let A be a category fibred in abelian categories over C which satisfies 
BCl for T in C. Let c : . . . — L„ ^n-i ■ ■ ■ be an acyclic complex in 
A(T) which remains exact after a base change . . . ^ L^ — > L^_-^ — > ... of c by 
f : T ^ T' . Then base change of Kn := ker{d„_i : Ln-i — > Ln-2} by f is 
isomorphic to 'k.erd^_i for all n. 

Proof. Let Q„ — ker(ijf_j^. Since the composition L^-i ^ ^^-2 Lemma 

13.31 is zero (as Kn — > is cocartesian) , there is a factorisation p : — > Qn of 
— > L^_^. On the other hand the composition L^^-^ ~^ Lf is zero too, 

hence there is an arrow from coker dfl^^ = Qn to which is a section of p. By 
assumption L^ — > is an epimorphism. It follows that Qn — K^. □ 

Definition 4.2. Given FAd subcategories D C X C A. Let X^{T) denote the 
additive subcategory of A(T) with objects N which have a finite X-resolution Af* 
N which is preserved as resolution by any base change. Let X** C A denote the 
resulting FAd subcategory. Let D^(T) denote the additive subcategory of A(T) with 
objects L which have a D(r)-resolution D* L which is preserved as resolution 
by any base change. Let D*' C A denote the resulting FAd subcategory. 
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The reasoning in the beginning of this section combined with Lemma 12.21 gives 
the following. 

Lemma 4.3. Let 77 i?„ -E„_i . . . and A : . . . F„ Fn-i . . . be 

complexes in A(T) and rf^ and the complexes resulting from base change over 
f : T ^ T' . If rj is homotopic to A then rf^ is homotopic to . 

In particular; if N in A{T) has one UK-resolution (DD -coresolution) which is 
preserved by base change then all DX-resolutions {DD- cores olutions) are preserved 
by base change. 

Theorem 4.4. Let A be a category fibred in abelian categories over C and let 
D C X C A &e inclusion morphisms of categories fibred in additive categories. Fix 
an object T in C. Assume BCl-2 for (A,X) and T, and ABl-2 for the triple 
of categories (A(T), X(r), D(r)). Then any object N in X*'(T) admits an X(T)- 
approximation and a D(T)-hull: 

0^ L — > M — > N ^0 and N — > L' — > M' ^ 

with M and M' in X(T) and L and L' in D^{T), which are preserved by any base 
change. 

Proof. The proof is a variation of the original proof of 7, 1.1]. For every N in 
X^(r) let r{N) denote the minimal length of an X(r)-resolution N which is 

preserved by base change. The proof is by induction on r{N). If r{N) = then TV is 
in X and so is its own X-approximation, while AB2 provides a short exact sequence 
N ^ D ^ M' which is a D(r)-hull with D in D(T) C D^(T). The approximation is 
trivially preserved by base change, the hull because of BC2. Assume r = r{N) > 
and let Mr Mq ^ iV be an X(r)-resolution of minimal length 

preserved by base change. Then iVi = ker(Mo is in X^(T) by Lemma [4.11 

and r{Ni) = r - 1. By induction there is a D(r)-huU Ni ^ L ^ M[ with L in D'' 
which is preserved by base change. Pushout of e : iVi A/q N along Ni L 
gives an X(T)-approximation L — >■ M — >■ by ABl. In the commutative diagram 
obtained by a base change; 

(4.4.1) N* ^ M* ^ N* 

I I II 

L# M* N* 

\ \ 

(Mi)* — (Mi)* 

the upper row (by Lemma l4.ip and the columns (by BC2) are short exact sequences. 
It follows that the middle row is a short exact sequence. 

By AB2 there is a short exact sequence M D -)■ M' with D in D(T) and M' 
in X(r). Pushout of M — — M' along M ^ N gives a short exact sequence 
h : N ^ L' ^ M' . Since the induced sequence L ^ D ^ L' is short exact, L' is 
contained in D{T). Applying a base change we obtain the following commutative 
diagram: 

(4.4.2) L* ^ M# ^ N* 

II \ I 

L* ^ D* ^ {L')* 

I I 

(M')# = [M')* 
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The upper row and (by BC2) the two columns are short exact sequences. It follows 
that the middle row is a short exact sequence and hence that L' is contained in 
Qfl. □ 

Sequences as in Theorem 14.41 preserved by any base change will be called an 
y^- approximation and a D^-hull of N respectively. 

Lemma 13.41 makes the following definition reasonable. Three categories fibred 
in additive categories (FAds) A^, i = 1,2,3, an inclusion of FAds Ai C A2, and a 
morphism of FAds : A2 — )• A3 equivalent to the quotient morphism A2 A2 / Ai 
is called a short exact sequence of categories fibred in additive categories and is 
denoted by ^ Ai ^ A2 ^ A3 ^ 0. 

Theorem 4.5. Let A be a category fibred in abelian categories over C and let D C 
X C A 6e inclusion morphisms of categories fibred in additive categories. Assume 
BCl-2 for the pair (A,X) and ABl-3 /or the triple of categories (A(T),X(r), D(r)), 
for all objects T in C Then: 

(i) The \- approximation induces a morphism of categories fibred in additive 
categories j' : X^'/D X/D which is a right adjoint to the full and faithful 
inclusion morphism j\ : X/D — >■ X^'/D. 

(ii) The -hull induces a morphism of categories fibred in additive categories 
i* : X**/D D^/D which is a left adjoint to the full and faithful inclusion 
morphism i^ : D'^/D — > X^/D. 

(iii) Together these maps give the following commutative diagram of short exact 
sequences of categories fibred in additive categories: 

^ DVD X^/D X/D ^ 

idj II I id 
^ Qfl/D XVD X/D ^ 

Proof. In each fibre most of these statements are true by the arguments in the 
proof of [I, 2.8] since we have Theorem 14.41 The general cases are reduced to fibre 
cases by applying base change. First we have to establish the functors. Note that 
the quotient categories involved are FAds over C by Lemma 13.41 Let p : A — > C 
denote the fibration. For each Ni in X^ put Ti = p{Ni) and choose a D^-huU 
Li : Ni —>■ Li ^ Mi which exists by Theorem 14.41 and such that Li = id if Ni is 
in D**. For each arrow : Ni ^ N2 choose an arrow A21 : Li L2 commuting 
with tp. This arrow is obtained as a composition of a base change Li — >■ L'f 
over p{il)) : Ti ^ T2 with an extension Lf L2 of Nf L2 obtained since 
ExtA(T2)(-^f ,-^2) = by 7, 2.5]. If composeable it follows from [3 2.8] that 
A32A21 ^ A31. 

There is a unique arrow Lp : N* -» N2 induced by tp. If A^^ : Li ^ L2 IS an 
extension of ip' : Ni ^ N2 with p{ip') — p{ip) such that 61 := tp — -p' is equivalent 
to 0, we have by Lemma [3.31 that 6 : Nf N2 induced from Si by base change 
factors through an object D in D(r2)- It follows that 6 factors through Nf — )■ Lf. 
Let T denote the composition Lf N2 ^ L2 (so r 0). Let 77 be a base 
change over p{ip) of the difference of the two extensions; 77 = (A21 — ^21)'^ ■ One 
calculates that {ri — T)Lf — 0, hence 77 — r is induced by an arrow IVlf L2 which 
lifts to an arrow M* D° where D* L2 is a finite D-resolution of L2 (since 
ExtA(T2)(^^f , D(T'2)) = 0). Hence 77 - r - 0, so 77 ~ and A21 X'21. We have 
shown that i* : X^/D — ;> D^/D is a well defined functor. To show that i* preserves 
cocartesian arrows we apply Lemma [3.51 If [p] : Ni N2 is cocartesian in X^/D 
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then the induced map [ip] : N* — 7> N2 is an isomorphism and by 7, 2.8] so is any 
extension Lf —5- L2 of [ip]. Composed with the base change Li Lf we get a 
cocartesian arrow in D^/D by Lemma 13.51 

A similar argument gives that the morphism j' : X^/D X/D induced by 
(choices of) X-approximation also is well defined as a map of fibred categories. 

To prove adjointness for the pair consider the chosen X-approximation 

L ^ Af ^ iV of iV in X*'(r). Given (pi : Mi ^ N with Mi in X(ri) and 
/ = p{<fi). Let ip : Alf ^ N he induced by a base change of Mi by /. Since 
Ext^(T) (M^f", L) — 0, p can be lifted to an arrow i/j : Mf M. Composing -0 

with the base change Mi — > Mf gives a lifting of Lpi which shows surjectivity 
of the adjointness map [tt o — ]. To prove injectivity consider for i = 2,3 arrows 
■02 : Ml — > M in X with 7r?/;2 = '''03 ■ Since p(7r) = id we have p{ip2) = pi'tpa) = f 
and we can define "01 — ip2 — V'3 with ttt/ji ~ 0. Base change by / induces a 
■0 : Mf — ;> M from ipi. Lemma 15751 gives nip ~ 0. The argument in [7, 2.8] implies 
that ip and hence ipi factors through an object in D(T). Analogous arguing gives 
the adjointness of the pair (i*, i*). 

The commutativity of the diagram in (iii) follows by definition. For = 
= j i* see T, 2.8]. We prove exactness in the upper row. Given p : Ni 
N2 in X^^ with / = p{p) : Ti ^ T2 such that j-[p] = 0. If tt, : M, 
are the chosen X-approximations, f'[p] is represented by a lifting -0 : Mi — > M2 
and the assumption is that factors through an object I? of D. We claim that 
p factors through an object in D^. By base change it's sufficient to prove the 
special case / = idra- If -^^ is any object in X(T) we have that the composition 

Ext\(^r){M,Ni) ^ ExtA(T)(M,Mi) ^ Ext^(-r) (M, M2) = ExtA(T) ^2) is P'* 
which hence equals 0. If e : A^i — s> L[ — s> M( is a D^-huU of A^i, the connecting 
takes (y9 to i^*e G Ext^^j^-j (M{, A^2), i-e. to 0, and so there exists a. 6 : L'^ N2 
which induces p>. Exactness in the lower row is analogous. □ 

Proposition 4.6. Let A be a category fibred in abelian categories over C and let 
D C X C A &e inclusion morphisms of categories fibred in additive categories. Fix 
an object T in C. Assume BCl-2 for (A,X) and T, and ABl-3 for the triple of 
categories (A(T), X(T), D(T)). Then: 

(i) Dfl(r) = Xf'(T) n X(T)^ and D(T) = X(T) n D«(r). 

(ii) X''(T) and D^(T) are closed under extensions. 

(iii) Exact sequences ...—>■ Nn N„^i —?>... with objects Ni and kernels 
kerdi in X^(T) remain exact after base change. 

If in addition AB4, then: 

(iv) Epimorphisms in X^(T) are admissible. 

(v) AddX"(r) = X^{T) and AddD«(r) = t)^{T). 

Proof. For (i) the proofs of [3 3.6-7] works with the fl-s too by Theorem 14.41 By 
(i) it's sufficient to prove (h) for X"(r). Let e : iVi iV2 ^ A'^j be a short 
exact sequence in X(T). If A^i and are in X^(T), Theorem 14.41 and Lemma 
14.31 implies that ~C*(A^i) and ~C*{N^) in Lemma l473l are preserved as resolutions 
by base change. Together with BC2 this implies that base change of the short 
exact sequence of resolutions in Lemma 12.31 (i) gives a short exact sequence of DX- 
resolutions. For (iii) the long exact sequence is broken into short exact sequences 
with objects in X*'(T). By Lemma 14.11 it is sufficient to prove the claim for 
short exact sequences. By Lemma 1^751 the short exact sequence of DX-resolutions in 
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Lemma [131 (i) is preserved by base change. It follows that the short exact sequences 
remain exact after base change. 

For (iv); if N2 and N3 in e are in X^{T) then iVi is in X(T) by AB4, see [H 3.5]. 
The argument proceeds as for extensions. 

By (i) it's sufficient to prove (v) for X**. If iVi jj N2 is an object in X^(T), then 
is in X(r) for i = 1, 2 by [3 3.4]. By Lemma |33]-C*(iVi) \[ -C*{N2) is preserved 
by base change as resolution of iVi ]]JiV2. It follows that the resolution ^C*{Ni) is 
preserved by base change for i = 1, 2. □ 

Corollary 4.7. Assume BCl-2 and ABl-3 as in PropositionSH If N is inX^{T) 
then any DX-resolution ^C*{N) N and any DD -coresolution N >—> +C*(iV) as 
in Section [2.21 is preserved by base change. 

Proof. By Theorem 14.41 there exist a DX-resolution and a DD-coresolution in X''. 
The result follows from Proposition 14.61 (iii) and Lemma 14.31 □ 

Definition 4.8. Let A be a category fibred in abelian categories over C and let 
D C A be an inclusion morphism of a category fibred in additive categories. For 
T in C let D^{T) denote the full subcategory of A(T) of objects K with a finite 
coresolution K ^ L* with objects U in D**(T) for i ^ 0. 

Lemma 4.9. With these notions we have: 

(i) Epimorphisms in D^(T) are admissible if and only if D^(T') = D^(r). 
Assume BCl-2 and ABl-4 for (A(r),X(T), D(T)). Then: 

(ii) D«(T) = D(r)nD«(r). 

(iii) Epimorphisms in D^(r) are admissible if epimorphisms in D(T) are admis- 
sible. 

Proof, (i) is trivially true. In (ii) b^{T) C D(r) n b^{T) is obvious. For the 
other inclusion, suppose K is an object in D(r) n b^{T) \ t)^{T) with a D^(r)- 
coresolution A' i* of length n > 0. Since monomorphisms are admissible in 
D(r) = X(r) n X(r)-^, aU = keiiU L*+1) are contained in D(r), and we 
can assume n = 1. But then K has to be in X^ n D = D^(T) by Proposition 
Since (i) is true "without the fl" by [7, 4.1], (iii) follows immediately from (i) and 
(ii). □ 

5. COHEN-MACAULAY approximation OF FLAT FAMILIES 

We define fibred categories of Cohen-Macaulay maps with fiat modules and show 
that they allow Cohen-Macaulay approximation in the finite type case and the local, 
algebraic case. 

5.1. Tiie finite type case. Let h : S T he a. ring homomorphism of noether- 
ian rings. We say that ft is a Cohen-Macaulay (CM) map if it is of finite type, 
faithfully fiat and all fibres are Cohen-Macaulay (cf. [HJ 6.8.1]). In particular h is 
equidimensional ([20j 15.4.1]). B. Conrad has defined the dualising module ujh for 
any CM h, see [HJ Sec. 3.5]. Suppose h has pure relative dimension n. For some 
N ^ n there is a surjective S'-algebra map P T where P — S[ti, . . . j^at]. Let 
LUp/s := A^flp/s- Then there is an isomorphism uJh = Extp~"(T, wp/g) which is 
natural in the factorisation S* -> P — > T, see [T^l 3.5.3-6]. By (local) duality theory 
and Corollary [2]9] oj/i is S'-fiat (or see [12l Cor. 3.5.2]). If S' is a field, we have that 
ujfi is a canonical module of T as in Example 12. 11 cf. [lOl 3.3.7 and 16]. 

Let CM be the category with objects the CM maps and morphisms (g, /) : hi 
/i2 pairs of ring homomorphisms g : Si S2 and f : Ti ^ T2 such that h2g — fhi 
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and such that the induced map /®1 : Ti(E)S2 T2 is an isomorphism: 

|/12 

5*1 ^ S2 

Let NR denote the category of noetherian rings. The forgetful functor p : CM NR; 
{g,f) g, makes CM fibred in groupoids over NR. The essential part is that CM 
should allow base change, i.e. given g : Si S2 and hi : Si Ti as above there 
should exist a T2, an h2 '■ S2 ^ J2 and an / such that {g, /) is a morphism hi — >■ /i2 
in CM. This follows from [§01 15.4.3]. 

Let mod be the category of pairs {h : S ^ T, N) with h in CM and N a finite 
T-module. A morphism {hi,Ni) (/i2,^2) is a morphism (<?,/) : hi ^ h2 in CM 
and a /-linear map a : Ni ^ N2. Then a is cocartesian with respect to the forgetful 
functor F : mod CM if l®a : T2®Ni N2 is an isomorphism. It follows that 
mod is fibred in abelian categories over CM. Adding the property that TV is S-fiat 
gives the full subcategory mod^. Moreover, let MCM be the full subcategory of 
mod'' where the fibre iVg = N(i)sk{s) is a maximal Cohen-Macaulay Tj-module 
for all s G Specs'. The inclusions MCM C mod'' C mod are inclusion morphisms 
of categories fibred in additive categories (FAds) over CM. For MCM this follows 
from [201 15.4.3]. If ft, is a CM map let mod^, MCM/i, . . . denote the fibre categories 
of mod, MCM, . . .over h. An object in MCM/j is called an (/i-)family of maximal 
Cohen-Macaulay modules. 

Given a morphism hi — /i2 in CM. By [T^l Thm. 3.6.1] there is a natural 
isomorphism with base change T2®u)hi = i^h2 which is compatible with localisation 
of Ti and is functorial with respect to composition hi ^ /12 ^3 . It follows that 
h {h^ujh) defines a morphism a; : CM — > MCM of fibred categories over NR which 
is a section of the forgetful F : MCM CM. Let D be the fuU subcategory of MCM 
over CM with the objects {h,D) where D is an object in Add{uJh}- The inclusion 
D C MCM is an inclusion of FAds over CM. 

If U denotes any of these FAds over CM, let LJ denote the quotient ('stable') 
category U/D. With this notation we have the following. 

Theorem 5.1. The pair (mod, MCM) over CM satisfies BCl-2 and the triple of 
fibre categories (mod/i, MCM^, D^) satisfies ABl-4 for all objects h in CM. More- 
over: 

(i) The fibred categories MCM" and t)^ equals mod** and Dflmod'* respectively. 

(ii) For any object {h,N) in mod**, N admits an MCM -approximation and a 
D^-hull which in particular are preserved by any base change. 

(iii) The MCM -approximation induces a morphism of categories fibred in addi- 
tive categories j' : mod '' — >■ MCM which is a right adjoint to the full and 
faithful inclusion morphism j\ : MCM — > mod ". 

(iv) The D" -hull induces a morphism of categories fibred in additive categories 
i* : mod" D" which is a left adjoint to the full and faithful inclusion 
morphism : D" — i- mod ". 

(v) Together these maps give the following commutative diagram of short exact 
sequences of categories fibred in additive categories: 

^ D" mod" MCM ^0 



0^ n" mod" MCM ^ 
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Proof. Since base change is given by the tensor product BCl and BC2 fonows. In 
particular, a short exact sequence e : Ni ^ N2 ^ in modh with A^3 and cither 
Ni 01 N2 in MCM/i gives short exact sequences of MCMs after base change to each 
fibre T^, i.e. ABl and AB4. 

For AB2, suppose M is in MCM^. Then = Homrp{M,uj) is in MCM^ too by 
CoroUarv l2.9l Since M"^ is finite there is a short exact sequence T"" ^ Mi. 

By ABl Ml is in MCM^. Applying Honij.(— , w/j) gives the desired short exact 
sequence since Corollary 12.91 implies that Exty(M^, w/j) = and that the natural 
map M M'^^ is an isomorphism. AB3 also follows from Corollarv l2.9l 

Any N in MCM^ has by definition a finite M CM -resolution (say of length n) 
preserved by base change. Since objects in MCM are S'-fiat it follows by induction 
on n that Torf (TV, fc(s)) = for all s £ Spec 5*. Hence N is S'-fiat. Conversely, if 
TV is in mod^ it follows that a sufficiently high syzygy of N is in MCM?i, i.e. N is 
in MCM^. With Proposition S^l this gives = mod^ n MCM^. By induction on 
the length of the resolution t)h Q MCM^J; and so mod^ H D/j C D^. The opposite 
inclusion is clear by the first part of (i). Now (ii)-(v) follows directly from Theorem 
H31 □ 

Corollary 5.2. Let h : S ^ T be an object in CM. Then: 

(i) = MCM^ n MCM,, and = MCM^ n mod^ 

(ii) The kernel of a surjective map in is contained in D^. 

Proof, (ii): Note that if Ni ^ N2 ^ N3 is a short exact sequence with N2 and N3 
in D^, in particular S'-fiat, then iVi has to be S-flat too. To show that A^i is in D,, 
we use the criterion in [71 4.6] to show that D^j = D^: Suppose that M is in MCM,,. 
Assume that M satisfies MCM,j-inj.dimM — n < 00 which by [71 4.3] is equivalent 
to the existence of a coresolution of M of length n in D,,. The fibre at any s G Spec S 
gives a Dt, -coresolution of the MCM Ts-module M^. Since Dt, = Dt, (^, 6.3]) 
it follows by [3 4.6] that M^ is contained in Dt,- Since Dt, = MCMt, n MCM;^^ 
by [71 3.7] it follows from Corollary djU that MCM,,- inj.dim M = and so M is 
in MCM,, n MCM^. But by Theorem 15. II we can invoke [7, 3.7] again which gives 
MCM,, n MCM,^ = D,, so M is in D,,. By [71 4.6(d)] D,, = D,, follows and TVi is in 
D„. □ 

Remark 5.3. Let A be any noetherian ring. By abuse of notation let CM — > /iR 
denote the category fibred in groupoids obtained by restriction to the category of 
noetherian yl-algebras yiR. Fix a Cohen-Macaulay map A ^ T°. There is a section 
s : ^- CM defined hy s : S ^ {S ^ T°(g)S). Let T° denote the resulting fibred 
subcategory of CM. We restrict mod, MCM and D to T° and obtain categories 
fibred in abelian and additive categories over T° respectively. These restricted 
fibred categories satisfy the axioms ABl-4 and BCl-2 and we obtain restricted 
versions of Theorem 15.11 and Corollary 15.21 

Let P denote the fibred subcategory of MCM over CM of pairs {h, P) with h : S ^ 
T in CM and P a finite projective T-module. Let P*' denote the full subcategory of 
mod'' of pairs {h, Q) such that Q has a finite projective dimension. The inclusions of 
categories fibred in additive categories P C pfl C mod" are closed under extensions 
over CM. 

Lemma 5.4. There is an exact equivalence ~ P** of categories fibred in ad- 
ditive categories defined by the functor {h,L) i~>- (/i, Homy(a;,,, L)) with a quasi- 
inverse {h, Q) (— )■ (/i, Q(g)xUJh). It induces an equivalence of fibred quotient categories 
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Proof. By base change we reduce to the absolute case where the equivalence is 
well known, cf. [241 I 4.10.16]. The functor Hom_(w_, — ) takes a map (p : Li ^ 
L2 over hi — )• /i2 to the map Homj.^ (w/^ , Li) Honij^^ (w^^ , L2); a (ipa)"^ , 
the unique map which pulls back to (pa by the cocartesian map cuh-^ U!h2- It 
is a well defined functor since the dualising module is functorial. If L is in 
then Exty^(a;T, = for aU z 7^ and s S Spec 5". By Corollary [13] the 
functor is exact and Hom2i(w^,L) is iS-flat. In particular Endgi(a;/i) ~ T. If D 
is in Dh then }louirp[ujii, D) is projective as a direct summand of a free module. 
If D* ^ L is a finite D^-resolution of L, then }iom'j^{uJh, D*) gives a projective 
resolution of IIom^(a;/i, L) since Dl C MCM^ (Corollary [O]). The natural map 
ev : Homj. (u!h, L)®u)h — > L commutes with base change to the fibres where it is an 
isomorphism ([TUl 9.6.5]) and Nakayama's lemma and S'-fiatness implies that ev is 
an isomorphism too. Let P* — > Q be a P-resolution of Q in of length n. Define 
covariant functors G* : mods ^ modT by G'*(T^) := M''~'^{P*®Ti^h®sV). Since 
P*(^T^h is S'-fiat, {G*} defines a cohomological (5-functor. Since P*(E)k{s) gives a 
resolution of Q^sk{s) for all s G SpecS", [TUl 9.6.5] and Proposition l2.5l implies that 
G"(S') = Q^T^h is S'-fiat and P*®T^h Q®T^h is a D-resolution. Moreover, 
the natural map Q — !■ HoTarpiujh, Q®i^h) is an isomorphism by Nakayama's lemma 
again. □ 

Example 5.5. Assume ^ is a Cohen-Macaulay ring with a canonical module ijJa- 
Given Li £ and put Qi = Hom^((u;^,Li) for i = 1,2. If / is an injective 
resolution of L2 and P is a projective resolution of Qi then both spectral sequences 
of Hom^(P, Hom^(wA, -f)) collapse at page 2 (use [231 I 4.10.19]) to give canonical 
isomorphisms 

(5.5.1) Ext^(Li,L2) = Ext^(Qi,Q2) 

Remark 5.6. In his unpublished manuscript Buchweitz gave a construction of Cohen- 
Macaulay approximation for finite ^-modules if A is a not necessarily commuta- 
tive Gorenstein ring, see [TT]. The MCM-approximation and the D*-hull in The- 
orem 15.11 can be given essentially by the same construction. Let A'^ be a finite 
T-module which is S'-fiat where /i : S ^ T is a finite type Cohen-Macaulay map. 
Let P ~ P{N) — > be a projective resolution of A^ (i.e. by finite projective T- 
modules). Then P^ = Hom2n(P, cj/j) is a bounded below complex with bounded 
cohomology because Ext^(Af, w/i) = for z greater than the relative dimension d 
of h by Corollarv l2.9l (inj.dimwT, = dim Ts ^ d). Then we can choose a projective 
resolution / : P(P'^) ^ P"" of P"" which is bounded above. Let G G(/) be 
the mapping cone of /. The modules in G are direct sums of projective modules 
and modules in D;i and the (co)kernels in the acyclic G are modules in MCM;i. By 
CoroUarv 12.91 it follows that G^ is acyclic too. There is a composition of natural 
maps P = P^^ P(P^)^ := G which hence is a quasi-isomorphism. But then G 
is just the representing complex of A^ and the MCM-approximation and the D-hull 
is obtained as in Section [221 In the the case of coherent rings with a cotilting mod- 
ule (a concept introduced by Y. Miyashita, see [351 P- 142]) J.-i. Miyachi imphcitly 
gave the same construction in [37l 3.2]. 

Suppose h has pure relative dimension and is a non-zero Cohen-Macaulay 
Tg-module with n = dim Ts — dimA^s constant for all s e SpecS, i.e. A^ is a 
family of Cohen-Macaulay modules of codepth n. Put A^^ ExtJ(A^, w/,,). Then 
P^ = P{NY is quasi-isomorphic to H"(P^) = A^^ by duality theory and Corollary 
12.91 So if (P, d) —J' A^^ is a projective resolution of A^^, the representing complex is 
given as G P^. If Syzf N'^ denotes the i^^ syzygy module imd^ and d^ denotes 
}iouirp(di,iOh) then the commutative diagram (|2.0.9p with short exact sequences is 
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given as 



ini(d^) 



Hom^(Syz^7V^, 



□ 



Iiomrp{Fn,uJh) 



coker(d^) 




I 

'n 



HomT(Syz^+iiV' 



with the MCMft-approximation and D^-hull of N given by the upper horizontal and 
right vertical sequence, respectively, since N"^^ = TV by duality theory and Corol- 
lary 12.91 Let C denote the mapping cone of a comparison map P{N) — > G. The 
homology of the truncated short exact sequence of complexes G ^ C ^ P{N)[—1] 
gives the MCM;,-approximation cokerd^2 ~^ cokerd^j ~^ Syz^TV for i > (with 
1 = being the upper horizontal sequence in the diagram). In the absolute case 
(with N Cohen-Macaulay) this latter construction of the MCM approximation of 
SyZjA^ was given by J. Herzog and A. Martsinkovsky in \27\ 1.1]. 

5.2. Local cases. We formulate local variants of the approximation theorem. 

Fix a field k. Let H denote the category of noetherian, henselian, local rings S 
with residue field S/ms = k and with local ring homomorphisms. A map h : S T 
in H is algebraic (or T is an algebraic S'-algebra) if there is a finite type S'-algebra 
T and a maximal ideal m in T with T/m = k such that h is given by henselisation 
of T in m. Fix an algebraic fc-algebra A which is supposed to be Cohen-Macaulay. 
Objects in the category hCM are algebraic and fiat S-algebras T with T^sk = A. 
A morphism hi ^> /12 is a pair of commuting maps f : Ti ^ T2 and g : — ^2 in 
H as for the finite type case, giving a cocartesian square. Base change exists for the 
forgetful functor hCM H and is given by the henselisation of the tensor product 
T = Ti(g)Sj5'2 in the maximal ideal mT^T + ms^T. We denote it by T'i(8)Sj5'2. It 
follows that hCM — > H is fibred in groupoids. The objects in hCM will be called 
henselian Cohen-Macaulay (hCM) maps. 

If /i : 5 — > T is a finite type CM map and t a /c-point in SpecT with image 
s in Spec S then localisation for the etale topology at t and s gives a hCM map 
h : S — ^ T^^ — T. Conversely, every hCM map is obtained this way which 
follows from |21J 18.6.6 and 18.6.10] and ^ 15.4.3 and 12.1.1]. We will caU such 
an ft a (finite type) representative of h. The dualising module induces an S- 
flat finite T-module ujh called the dualising module for h. Two representatives of 
h factor through a common etale neighbourhood contained in CM and since the 
dualising module is functorial for CM the dualising module uj^ is functorial too. 

Let mod denote the category of pairs {h : S ~^ T, A/") with h in hCM and J\f a 
finite T-module. Morphisms are defined as for the finite type case and the forgetful 
functor mod — > hCM makes mod fibred in abclian categories over hCM. Let mod** 
denote the full subcategory of objects {h,J\f) in mod with TV ^-flat and let MCM 
denote the full subcategory of objects {h,Af) in mod'' where the closed fibre TV^sfc 
is a maximal Cohen-Macaulay A-module. Let D denote the full subcategory of 
MCM of objects {h,D) with D in Add{w/j}. All three are FAd subcategories of 
mod over hCM. Any finite T-module Af has finite presentation hence it is induced 
from a finite module over a representative of T. If Af is contained in one of the 
subcategories the representative can be assumed to belong to the corresponding 
finite type subcategory {loc. sit.). Similarly all maps in these fibred categories 
over H are induced from maps in the corresponding fibred categories of finite type 
objects. 



20 



RUNAR ILE 



Let L (C) denote the category of noetherian, (complete) local rings with residue 
field k and local ring homomorphisms. Let ICM (cCM) denote the category of 
local Cohen-Macaulay (ICM) maps (respectively complete Cohen-Macaulay or cCM 
maps) defined analogously as above with (completion of) essentially of finite type 
replacing algebraic. Similar arguing as above makes ICM (cCM) fibred in groupoids 
over L (C). The definitions of the module categories apply in the local and the 
complete case too and we use the same notation in all three cases. Again objects 
and maps are induced from the finite type case. 

Either arguing with representatives or applying the proofs for Theorem 15.11 and 
Corollarv l5.2l (with only minor adjustments) we obtain the following. 

Corollary 5.7. Let xCM denote either hCM, ICM or cCM. The pair {mod, MCM) 
of fibred categories over xCM satisfies BCl-2 and the triple of fibre categories 
(modh, MCM/i, Dh) satisfies ABl-4 for all objects h in xCM. 

Moreover; the statements (i-v) in Theorem 15.11 and (i-ii) in Corollarv 15.21 are 
valid over xCM too. 

6. Minimal approximations and semi-continuity of invariants 

We show that the Cohen-Macaulay approximation and the D-huU in Corollary 
15.71 can be chosen to be minimal. Upper semi-continuous invariants on MCM^i or 
FID^ extends to upper semi-continuous invariants on mod a- An example is given 
by the w^i-ranks in the representing D-complex. 

Lemma 6.1. Let S ^ T be a homomorphism of noetherian rings and a an ideal 
in S such that L — aT is contained in the Jacobson radical of T . Let M and N 
be finite T -modules. Let T„ = T//"+\ Af„ = T„(g)M and 7V„ = T„(g)iV. Suppose 
there exists a tower of surjections {tpn : M„ Nn}. Fix any non-negative integer 
uq. Then there exists a T -linear surjection ip : M ^ N such that Tn^^tp = Lpno- If 
the (fin are isomorphisms and N is S-flat then is an isomorphism. 

Proof. Let f = 1^T„, M = ^ Af„ and N = l^Nr,. We have 

(6.1.1) l^Homj,^(Af„, A^„) = Hom^(Af,iV) = f ®Homj,(Af, TV). 

Hence \^^n = Sr^')®/?^*) with r(*) e f and S Ylou\j.{M,N). Let r'it] be 
the image of r'^-' under T — > Tjnj and choose liftings t^^^ in T of rn}, . Put ip = 
Then r„o(^V 

= ^no- Since T„(, ® coker i/; = coker(y9„(, = 0, Nakayama's 
lemma implies cohenip = 0. Since Tn„<E)TN equals N(E)sS/a"°'^^, S'-flatness of N 
implies Tn^ ® ker tp — ker ipn„ and if kcr ipn„ = then Nakayama's lemma implies 
ker ^ 0. □ 

Proposition 6.2. Let xCM denote either hCM, ICM or cCM, let h : S ^ T be an 

object in xCM and let ^ : C ^ M ^ J\f be an MCM h- approximation of Af. Then 
the following statements are equivalent. 

(i) The sequence ^ is a right minimal MCM h,- approximation. 

(ii) There are no surjections Ai Uh which induces a surjection C ^ Uh- 

(iii) There are no common LOh-summand in C ^ M. 

(iv) The closed fibre S,®sk is a right minimal MCM a- approximation. 

(v) The completion (^(815^)" of the closed fibre is a right minimal MCM^- 
approximation. 

The analogous statements (i')-(v') for a D^-hull ^' : A/" — > — 5- Ai' are equivalent. 
In particular: 

(i') The sequence ^' is a left minimal Df^-hull. 

(ii') There are no surjections Ai' — )• cj/i which induces a surjection C — >■ uJh- 
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Proof. Suppose there is a surjection Ai uJh such that the composition C uJh 
is surjective too. Then the kernels of these maps give a new MCM-approximation 
of Af by CoroUarv l5.7l Since a surjection C Uh has to spht by Corollary 15.71 uJh 
is a common summand in C ^ A4 and tt cannot be right minimal. 

Let the closed fibre £,®sk of the sequence f be denoted by i — s> M A N. 
Assume there is a non-surjective endomorphism 6* : — >■ with tt9 ^ tt. Then 
^0 = O'S'sk gives a non-surjective endomorphism of M with p9o = p. It follows that 
the completion L ^ AI ^ N is not a right minimal Cohen-Macaulay approximation 
of N. By [241 1.12.8] there is a common w^-summand in L — M. Let 1^9 : M oj^ 
denote the projection. By Lemma [6.11 there exists a surjection ip : M ^ uja- The 
induced map L ^ uja is surjective too. The map tp lifts to a surjection M ^ uJh 
(with C w/i surjective) since the canonical map }iomrp{Ai,uJh) Hom^(M, Wyi) 
is surjective by Corollary 12.91 The D^'-case is analogous. □ 

Corollary 6.3. Let xCM denote either hCM, ICM or cCM. For any object (ft., TV) in 
the fibred category mod^ over xCM, Af admits a right minimal MCM-approximation 
and a left minimal D^-hull which remain minimal after base change and which in 
particular are unique up to non- canonical isomorphism. 

Proof. The existence of a right minimal ^ follows immediately from criterion (iii) 
in Proposition [6?2] Moreover ^ is right minimal if and only if the closed fibre fc 
is right minimal. Since any base change ^1 of ^ has the same closed fibre as ^, ^1 is 
right minimal if ^ is. □ 

Remark 6.4. In [25, 2.3] M. Hashimoto and A. Shida gave essentially the analog 
of Proposition 16.21 in the absolute case of a Cohen-Macaulay Zariski local ring 
with a canonical module. They attributed the complete case to Y. Yoshino. Note 
Miyachi's proof in the cotilting semi-perfect case, see [371 3.4] (cf. [24, 1.12.8]). 
In [321 3.1] A.-M. Simon and J. R. Strooker give a short independent proof. The 
proof of Proposition 16 . 21 also works in the Zariski local case in full generality and is 
different from these (but depends on the complete case). 

Since minimal choices of MCM^-approximations and Dyi-hulls exist and are 
unique up to isomorphism any invariant defined for MCM modules or for FID mod- 
ules is extended to all finite A-modules. Upper semi-continuity of the invariants is 
also extended as we explain now. First some notation. 

Let h : S ^ T he ring homomorphism and J\f a finite T-module. If t G SpecT 
has image s e Spec S, let Afp^ denote the localisation of TV at the prime ideal t, 
let hp^ : Sp^ — denote the ring homomorphism obtained by localising, and put 
Af{t) = ^fpt'»Sf,^k{s) which is a r(t)-module; indeed TV(i) ^ T{t)®Tf^^fpt■ K h is 
a finite type Cohen-Macaulay map, hp^ is in ICM. 

Suppose /i is an invariant on MCM^ where A is a Cohen-Macaulay local ring 
with canonical module. Let mcmM denote the induced invariant on mod a defined 
by mcmA'(TV) — p.{M) where L M -^Nis the minimal Cohen-Macaulay approx- 
imation of N. Similarly fidA*(TV) = fJ-{L) for an invariant fi defined on FID^. Use 
the minimal hull N ^ L' M' to define fidA*' and mcm/^'- 

The following theorem is a major application of what we have done so far. 

Theorem 6.5. Let fi be an additive non-negative numerical invariant defined for 
maximal Cohen-Macaulay modules or for finite modules of finite infective dimension 
on a Cohen-Maculay local ring with canonical module. Assume p, is upper semi- 
continuous for finite type flat families (h : S T,A4) in MCM (or in D). Then the 
induced invariants mcmA* '^''^^ mcmm' (or fidA* '"^'^ fid/^') o,re upper semi- continuous 
in finite type flat families (ft. A/") in mod^. 
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Proof. Given {h : S T,JV) in mod^ and t e SpecT. By Corollary there 
exists open affines U — Specs'! C SpecS", V — SpecTi C SpecT with t £ V, 
hi : Si ^ Ti induced from h, and a MCM/ij-approximation ^ : £ ^ M ^ M\v 
such that the localisation is minimal. By Corollary 16. 31 ff^) is minimal too. Put 
n — fi{M{t)). Since fi is upper semi-continuous there is an open Vn C V containing 
t such that ^i{M{t')) n for all t' e Vn- If i ^ M ^ Af{t') is the minimal MCM 
approximation of Af{t'), M is a direct summand of Ai{t') by Proposition 16.21 and 
hence MCMM(A/'(t')) = KM) ^ t^iM{t')) n. □ 

Example 6.6. The Bctti numbers /3i(M) = dim Torf (Af , ^/m^) are well known 
upper semi-continuous invariants of finite modules over local rings. By Theorem 
I6.5l the induced invariants mcmAj mcm/Sj', fidA and piD/^i are upper semi-continuous 
too. 

We now consider some invariants defined in terms of Cohen-Macaulay approxi- 
mation. If /i : 5 — > r is in one of the categories of local Cohen-Macaulay maps, a 
map d : D ^ D' oi objects in Dh is said to be minimal if k^xd — 0. Any module 
D in Dfi is isomorphic to some w®" and Endrp{ujfi) = T. Hence if d is not minimal 
then there is a surjection D' ojh inducing a surjection D ujh- By Corollary 
15.71 the ujh splits off from d. Hence any D/j-complex is homotopy equivalent to one 
with all differentials being minimal, which is called a minimal D-complex. 

For any module M in mod^ over xCM we choose a minimal MCM-approximation 



£ — >■ A4 — >■ A/" and a minimal D*^-hull N ^ C ^ M' which exist by Corollary [ 
Spliced with a minimal D-resolution of C and a minimal D-coresolution of A^' we 
obtain complexes ~C*(A/'), +C*(A/') and D*{J\f), as defined in Section where 
no differential has any w/j-summand. We call such choices of these complexes for 
minimal. They are unique: 

Lemma 6.7. Suppose h is in hCM, ICM or cCM and {h,Af) is in mod^. Then 
minimal choices of~C*{J\f), '^C*{Af) and D*{J\f) exist and are unique up to non- 
canonical isomorphisms. 



Proof. Minimal choices '^C* and of coresolutions for J\f are by Lemma | 
homotopic through chain maps a and P starting with an isomorphism £[ = C'2. If 
Pi are homotopies with l3a — id = dpi + pid and a/3 — id = dp2 + P2d then tensoring 
down by k®T— makes the right hand side of these identities equal to zero by the 
minimality of the complexes. Hence /3a and a/? are surjective endomorphisms, i.e. 
isomorphisms. The same argument applies to "C* and D* . □ 

For each module N in mod^ we fix a minimal D-complex {D* {J\f),d*) repre- 
senting A^. Let C = coker9~i and M = kera°. Put Syz^**/:' := coker{(9-'-i : 
D-^-^ D-'} for i ^ and Syz'^IM := ker{9* : D' D'+^j for i ^ 0. For any 
finite T-module J\f let the ujh-rank of JV, denoted uJh- rk(A/'), be the largest number 
n with ujf^QAf' = JV for some T-module A/"'. Since End-r(w?i) = T is a local ring, 
this is a well behaved invariant, cf. 43, Sec. 1.1]. 

Definition 6.8. Suppose h is in hCM, ICM or cCM and JV is in mod^. Define the 
numbers: 



(i) d^(AA) 

(ii) i^rw 

(iii) 7t(A/') 



= cjft-rk(D''(7V)) for all i 
= Wft-rk(Syz"''£') for i > 
= cj,,-rk(A4) 



The definition gives well defined invariants of Af by Lemma 16.71 In particular 
we see that v^iM) equals Wh-i'k(£'). We also notice that w/j- rk(Syz"'^ A/() = for 
alH > by Proposition 16.21 

The same notation is used for the absolute counterparts of these invariants. 
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Remark 6.9. In the absolute case with A a Gorenstem local ring, the 7^-invariant 
is called Auslander's 5 invariant and has been studied in particular by S. Ding. 
One has that 7A(^/m^) ^ 1 with equality for n ^ 0. The smallest number n with 
7A(^/tn^) = 1 is called the index of A and Ding has given results and conjectures 
concerning this invariant, cf. [H]. See also pS] . 

Let {A, m, k) be a noetherian local ring and N a finite A-module. Simon and 
Strooker introduced the reduced Bass numbers 

(6.9.1) i^\iN) = dimfc im{Ext:4(fc, N) ^ Rl{N)} 

and in the case A has a canonical module they showed in [43l 2.6 and 3.10] that 

(6.9.2) iy^{N) = iyf''^{N) and vf{N) = v'^'^^-^L') for i ^ 

where i' is the minimal D^i-hull of N. The Canonical Element Conjecture and the 
Monomial Conjecture are equivalent to i^']^™^{b) ^ (or equivalently 7^(yl/b) = 0) 
for certain ideals b in any Gorenstein local ring A, see [131 6.4 and 6.6]. 

Let P and P*^ denote the FAds of finite projective modules, respectively modules 
of finite projective dimension over xCM defined as for the finite type case. 

Lemma 6.10. With notation as above: 

(i) The functor F = Hom_(tj_, — ) gives exact equivalences of categories fibred 
in additive categories D ~ P and ~ P^ over xCM. 

(ii) In particular d^^{J\f) — /3i(Homy(cj/i, £')) for all i ^ 0. 

(iii) Homy(£)**'*'(7V), w/i) gives a minimal free resolution of llomq^{A4,ujfi)- In 
particular d^iN) = /3i(Homj-(A^, w/j)) for all i ^ 0. 

Proof, (i) and (ii) are the local variants of Lemma [5.41 Breaking Ai ^ _D*^"(7V) 
into short exact sequences, (iii) follows from CoroUarv 15.71 □ 

Corollary 6.11. Let h : S T be a finite type Cohen- Macaulay map and suppose 
Af is a T-module in mod^. Then d'^{J\f{t)) are upper semi-continuous functions in 
t S Spec T for all i. 

Proof. This follows from Theorem 16.51 and Lemma 16.101 □ 

Remark 6.12. The invariants and 7 are not semi-continuous either way, see 
Example 17.41 Moreover, let C be in D/i with L = C®sk. If po '■ — > i is a direct 
summand, then po lifts to a map p : uih ^ £, but no lifting p of po has to split, 
even if A is a regular ring. 

Remark 6.13. One can also define functions of the base. E.g. if (f : Spec T Spec S 
denotes the map induced from h and p{f\f{t)) is an upper semi-continuous function 
of < e SpecT, then (p^.p{Af) defined by 

(6.13.1) ^*/i(A/')(s) = sup piAfit)) 

is an upper semi-continuous function in s G Spec S since ip is an open map. 

7. The fundamental module of a Cohen-Macaulay map 

Example 7.1. Let {A,mA,k) be a Cohen-Macaulay local ring with canonical 
module lua- Let (G*,(i,) — )■ fc be a minimal A-free resolution of k and put 
SyZj = Syz^fc = cokerdi+i. Suppose dim A ~ d ^ 2. There are connecting 
isomorphisms 'Ext\{Syz^_-^, uja) = Ext^(Syz^_2, wa) = . . . = Ext^(fc, wa) which is 
isomorphic to k by duality theory. To 1 G A; there is hence a non-split short exact 
sequence 

(7.1.1) 0: O^LUA — >Ea^ Syz^_ifc -> 



24 



RUNAR ILE 



with Ea uniquely defined up to non-canonical isomorphism. We call Ea for the 
fundamental module of A. We claim that Ea is a maximal Cohen-Macaulay module 
which implies that (|7.1.ip is the minimal MCM approximation of Syz'^_ik. If we 
apply Hom^(— jOj^) to (|7.1.ip we obtain the exact sequence 

^ 2) ^Hom^(Syz;f_ifc,WA) — > Rom a{E a, uj a) — > End^(a;A) 

Ext\{Syz^^,k,LUA) Ext^(SA,WA) 

We have 9(id) = 6* so 9 is surjective and Ext\{EA,ojA) ~ 0. By duality theory (e.g. 
[TUl 3.5.11]) this excludes the possibility depth = d — 1 and we conclude that 
Ea is a maximal Cohen-Macaulay module. If iV is a Cohen-Macaulay module of 
codimension c we denote ExtJ^(iV, cj^) by 7V^. Since End^(wA) = A we get from 
(|7.1.2p a short exact sequence: 

(7.1.3) ^ Hom^(Syz;f_iA:,WA) — > E\ — ^ ^ 

Since Ext^(fc,a;A) = for i ^ d, ^ G^f ^ . . . G^_2 ~^ Hom^(Syz;f_ifc, w^) ^ 
is a finite w^-resolution and so (j7.1.3p gives the minimal MCM approximation of the 
maximal ideal. Auslander introduced the fundamental module in the case d = 2, 
see [5]. 

We can make a relative version of the fundamental module in much the same way. 
Let '^^•'A : CM — > CM be the morphism of fibred categories over NR defined by taking 
the CM map ft. : S" T to the composition /i^^) of h with t = 1® idr : T -J> T(g)sT 
and taking a morphism [g, /) : /ii — >■ /12 to the composition of two cocartesian 
squares {g, f^^) as follows: 

(7.1.4) Ti Si Ti Ti®s,Ti 



/ 



52 ^ T2 S2 T2 T2®S,T2 

There is also a functor A : CM — > CM defined by mapping (5, /) to the right- 
most cocartesian square (/, /^^), but it doesn't commute with the forgetful func- 
tor CM NR. Let '^CM denote the full subcategory of CM maps of pure relative 
dimension d. Then ''CM is a fibred subcategory of CM over NR and '^^^A and A 
restricts to a morphism "^^'A : ''CM — ^'^CM over N Rand a functor A : ''CM ''CM. 

Let /i : S* — 5- r be a finite type CM map of pure relative dimension c? ^ 2. 
Consider P in (see Lemma r5.4p as a T®^-module by puUback along the multi- 
plication map ^ : T®"^ T. By Corollary [121 = Ext^^a (P, w,,) is flat and flnite 
as T-modulc, i.e. T-projective. Let P* denote Homj.(P, T). By Corollary 12. 91 

(7.1.5) Endj,(£:) = Ext%2 {P,uj,)(E)E* = Ext%2{P,uj,(S)E*) . 

Combined with the connecting isomorphisms the identity in Endji(i?) corresponds 
to a canonical extension of T'^^-modules: 

(7.1.6) ^ uj,(g)TEx4^2{P,uj,)* — > Eh{P) SyzJ^iP -> . 

Let ''P and ''MCM denote the restriction of P and MCM to fibred categories over 
''CM. 

Proposition 7.2. Let d^2. The association {h,P) H> Eh{P) in (|7.1.6p induces 

(i) a functor P : ''P — > ''MCM/''P which preserves cocartesian maps and lifts 
the functor A : ''CM ''CM, and 

(ii) a morphism ^'^^E : ''P ^''MCM/^''P of fibred categories over NR which 
lifts (2)A : ''CM ^ 2<i(-|^ 



CM APPROXIMATION IN FIBRED CATEGORIES 



25 



Proof. As an extension of T-flat modules, Eh{P) is T-flat. Applying Honijn»2 (— , 
to (|7.1.6p with E ~ Ext^a2(-P, and Syz^_;^ = SyzJ^^^P gives an exact sequence 

(7 2 1) ->Homj,®2(Syz^_;^,Wt) ^ Homj,«2(i?h(P), w,,) -5- Endj.»2 (cjJiXjT-E' A 
Exti^®2(Syz^_i,tJt) ^ Exti^®2(£';i(P),a;J 



by Corollarv l2.9l and duality theory. In particular there is a canonical isomorphism 
Homp»2 (wtCgjT-E*, ojt) ^ 'ETidrpcs2{LUc)^TE. We have that End2n»2(a;t) is canoni- 
cally isomorphic to T®^ and d{t^^) = fi{t)Syz'^_i{^) e Exti^82(SyZjj_;^,a;,,) where 
Syz^_]^ is the composition of the connecting isomorphisms. So d is surjective and 
Exty»2(£;h(P),w,) = by Corollary It follows that aU fibres of EhiP) are 
MCM modules and so Eh{P) is in M CM ^ and (|7.1.6I) is an MCM^-approximation of 
SyzJ^'p. Let Ih denote the kernel of fi : T®^ T and (-)^ = Homj,»2 (-, wj. 
From (|7.2.1I) we get another MCM, -approximation 

(7.2.2) ^ Homy»2(SyzJ®iP,a;J ^ P/i(P)'' ^ I,,(8)TExt^«2 (P, cj,,) . 

Dualising ((7X^ induces (|7XE| since EhiP) = Eh{Py^ and Homj,02 (X/i, wj = 
w,. By Theorem [ED the image of Eh{PY in MCM^/D, is functorial in the T®"^- 
module Th®E which again is contravariantly functorial in P. Since (— )^ induces 
an equivalence 

(7.2.3) V : MCM,/P, MCM°P/D°P : V 

we conclude that Eh{P) is functorial in MCM/P by our functorial choice of exten- 
sion. This gives (i) and (ii). □ 

Corollary 7.3. For any Cohen- Macaulay map h : S ^ T of pure relative dimen- 
sion d ^ 2 there is a finite T'^'^ -module Eh — Eh(T) which is faithfully flat along 
L : T ^ T®^ with all fibres being maximal Cohen- Macaulay modules. The associ- 
ation h ^ Eh defines a functor '^CM ^ '^MCM/'^P lifting A : ''CM ''CM. In 
particular Eh gives MCM ^-approximations 

— > — > Eh — > Syz^_]^T — > and 

^ Homy«2(Syznr,cjJ E}i ^ Ih ^ 
where Ih is the kernel of the multiplication map T®^ T . 

Proof. This follows from Proposition [72] and (|7.2.2p once we have proved the natu- 
ral isomorphism Ext!^(82 (T, w,,) = T. Choose a surjection of S'-algebras P ^ T with 
P = S[ti, . . . ,tN]- Recall that can be given as Extp^^(r®^, wp^^/r) where 
ujp(g,T/T = ^^^P(ST/T- There is a change of rings spectral sequence 

(7.3.1) EP-« = Ext«,«,(T,ExtP^y(T®2,wp«j./j.)) ^ Ext%\{T 

which by Corollary 12.91 and duality theory collapses to the canonical isomorphism 

(7.3.2) Ext;^«2(r,Ext;^-^(r®2,L^p^T/T)) = Ext^^3,(T,wp«T/T) • 
By [H 3.5.6] Ext^^y(r, 

ujp^t/t) is canonically isomorphic to lut/t = T as r®^- 
module. □ 

We call the module Eh given in Corollary 17.31 for the fundamental module of the 
Cohen-Macaulay map h. 
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Example 7.4. Let k be an algebraically closed field and A a finite type /c-algebra 
which is Cohen-Macaulay of pure dimension 2. Then the fundamental module 
E = Eh of ft, : fc — >■ A is the maximal Cohen-Macaulay approximation of / = 
ker{A®2 A} in modf ; 

(7.4.1) uJh®A — > E — > / ^ 

where t = lcg)id : A — >■ and ujh — ^A- Let t in Specyl*^^ be a fc-point, and 
ti G Spec A be the image of t by the i^^ projection. Let Ai denote A localised at ti. 
Let m-i be the maximal ideal in Ai. Localising gives a local Cohen-Macaulay map 
tpj : A2 —7- (yl®^)pj and a module i^p^ in MCMt^^. Let E{t) denote base change of 
Ep^ to k{t2)- If ti = ^2 then I{t) = pi and equals the fundamental module 
Ea^ of (j7.1.ip . If ti — t2 is singular, then a;-rk(i?(t)) — while if — ^2 is regular 
then E{t) ^ A®^ If 7^ ^2 then /(t) Ai Ea^ and £'(t) ^ Af^ This shows 
that "f{I)(t) is not upper semi-continuous as the d*-invariants are. 

In particular, if A equals fc[x, y, z]/(a;"+^— yz) with a 2-dimensional rational dou- 
ble point at mo — (a;, y, z), similar considerations give the following table of invari- 
ants (note that i^i — d~^): 





7 








m 


ti = t2 = singular point 





1 


4 


1 




ti = t2 non-singular point 


2 


1 


2 





mi^i 


tl^t2 


1 





1 


1 


Ai 



8. Deformation functors and cohomology 

We extend the Cohen-Macaulay approximation over henselian local rings to de- 
formations and obtain maps between the associated deformation functors. We also 
introduce the appropriate Andre-Quillen cohomology and links the various coho- 
mologies in a fundamental long-exact sequence. 

Fix an object ^ — {h : S T, A/") in mod*^ over H. A deformation of f is a 
cocartesian morphism ai : ^1 ^ ^ in mod^. A map of deformations ai — >■ a2 is 
a cocartesian morphism : ^1 — s> ^2 in rnod^ such that a2f — cti. Deformations 
and maps of deformations are objects and arrows in the comma category Def^ := 
mod|?oj.a/C which is fibred in groupoids over the comma category H/S, see Lemma 
13.11 and the proceeding comments. Let the deformation functor Defj : H/S — )• Sets 
be the functor corresponding to the associated groupoid of sets Defj. The comma 
category Defh '■= hCM/ft, of deformations of ft. : 5' ^> T is also fibred in groupoids 
over H/S and we have an obvious factorisation Def^ hCM/ft — > H/S which 
makes Def^ fibred in groupoids over hCM/ft. To ease readability (and by abuse 
of notation) we put Def(y ^^-j (^i) = Def^(S'i^»S') and Defj.(S'i) = Def^(S'i^S'). 
We also write a deformation of (T, A/") meaning a deformation of ^ and likewise in 
similar situations. 

For each object = [hi,J\fi) in mod*^ over H we choose a minimal MCM- 
approximation tti : d ^ Mi ^ Mi and a minimal D^-huU ii : Mi ^ C'i M'i 
which exist by Corollary 15.71 and Corollary 16.31 For each deformation ai : £,i ^ ^0 
we choose extensions to commutative diagrams of deformations 

(8.0.2) A ^M^^^M^ and M^ ^M', 

Ai "il A' i u' i 

Co ^Mo^^Mo j^^^l^n ^X' 
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as follows: By Corollarv l6.3l a base change of tt^ by hi — >■ ho gives a minimal MCM^^- 
approximation Adf Nf ^ Afo- By minimality it is isomorphic to ttq. Choose 
an isomorphism. Let fii be the composition AAi — > Mf ^ Mq- It is cocartesian. 
Do similarly for the D**-hull. Let these choices be fixed. 

The diagrams in (j8.0.2p will be called an MCM-approximation (denoted tt*) re- 
spectively a D^'-hull (denoted t,) of ui (this terminology can be justified). 

Definition 8.1. There are four maps 

ax ■■ Def(,,^ — > Def(;,^_x) of functors H/Sq — > Sets 

where X can be Mo,jCo,jO'q and Mq given by [{hi ~^ ho,Ui)] ^^ [{hi ho,x)] for 
X equal to /i^, A^, and /i,^ in (j8.0.2p respectively. 

The following lemma implies that these maps are well defined and independent 
of choices. 

Lemma 8.2. Given two deformations Uij : Mij — > A/qj {j = I72) in mod'' over 
hij — > hoj in hCM and MCM- approximations 7r*j {respectively D^-huUs of Vij. 
Suppose we have a map of short exact sequences ttqi — >■ 7ro2 {respectively ioi ^02) 
and a map a : Nn Mi2 lifting Aqi A/02, *-e. such that the following two 
diagrams of solid arrows are commutative: 



A: 



-X.2 



A>2 



Ail 



■Mn 



•Ml 



■M2 



Ms 



■ A^02 — 



Ml 



■Mo- 



7 

^(1 



Mo: 



■Mi, 



^01 



■Mqi 



■Moi 



Moi 



''-01 



13' 



Mil 



Then there exist maps 7 : Mn —5- A4i2 a?*'^ 7' : 'C^j^ ^ such that the induced 
left {respectively right) diagram commutes. If a is cocartesian, so are j and"/'. 

Proof. Consider the MCM-approximation case. By applying base changes to the 
front diagram, we can reduce the problem to the case hn — >■ /iqi equals hi2 /io2- 
Then, by Corollary 15. 7[ there is a lifting 71 : Ain — > A/li2 of a. We would like 
to adjust 71 so that it hfts /3 too. We have that ^^271 — /^Mii factors through £02 
by a map Ti : Ain — >■ £02 which induces a unique map tq : A4oi Cm since 
/iii is cocartesian. If Ci2 is a finite D-resolution, then base change gives a 

finite D-rcsolution vf -» £02 and tq lifts to a cto : A/l 01 —> 2?* by CoroUarv 15.71 



By CoroUarv 12.91 there is a cr : AAn — > Vq lifting ctq and subtracting the induced 
map Aiii — > M-i2 from 71 gives our desired 7. If a is an isomorphism so is 7 by 
minimality of the approximations nij. The argument for the D^'-case is similar. □ 



Remark 8.3. There are maps of fibred categories inducing the maps ax in Definition 
18.11 Two maps a,/3 : {hi, Mi) — >■ (/i2,M2) in Def(/j^_^^) are stably equivalent if 
hi — /i2 and a—/? factors through an object in D. Let Def ^^^ j^^^^ denote the 
resulting quotient category which is fibred over hCM/ZiQ and over H/S'q. Then 
Lemma [8 . 2l implies that there are well defined maps of categories fibred in groupoids 
(Tx ■ D6f (fio.A^o) P^f (/io,x) for X equal to A4o, £0, £0 and M'^. The associated 



map of functors is ax- 



Note that Def )-^^ j^^^-j is different from mod !?„ 



./(/io,Mo). 



Stably isomorphic modules will in general have different deformation functors. E.g. 
let N = A® UJA- If ^ is not Gorenstein, then one can have Ext^(Ar,iV) ^ 0. But 
in the stable category N is isomorphic to A which is infinitesimally rigid. 
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Wc have the foUowing reformulation. To (ft, : 5 -> T,N) m mod** consider 
r = T®M as a graded S*- algebra with T in degree and N in degree 1. A 
deformation of graded algebras A ~> ^ over 5*1 — >■ in H/S" is equivalent to a 
deformation (Ti,A/i) of {T,J\f). More generally, given a homogeneous morphism 
of Z-graded rings S ^ T and a graded T- module M, there are Andre- Quillen 
cohomology groups of graded algebras oH*(S', T, M) = Hom|^ (L|,yg, M). Here 
L^/g is the graded cotangent complex defined as ^lp/s(E)pT where P = Ps{T) is a 
graded simplicial degree-wise free S'-algebra resolution of T and flp/s denotes the 
Kahler differentials, see [301 IV] for more details (in a more general situation). See 
also [33. 

Definition 8.4. Given graded ring homomorphisms h : S T and p : Si ^ S. 
Assume p is surjective. A lifting of h ('of T') along p ('to Si^) is a commutative 
diagram of graded ring homomorphisms 



Two liftings Ti and T{ of T to 5*1 are equivalent if there is a graded S'l-algebra 
isomorphism Ti = commuting with q and q' . 

There is an obstruction theory for liftings of graded algebras in terms of graded 
Andre- Quillen cohomology groups. 

Proposition 8.5 ( |30l I34 | l. Given graded ring homomorphisms S ^ T and p : 
Si -I- S with p surjective and 1^ = for I = kcrp. 

(i) There exists an element oh{p,T) g oH^(5', T, T®/) which is natural in p 
such that ob(p, T) = if and only if there exists a lifting of T to Si. 

(ii) // ob(p, T) = then the set of equivalence classes of liftings of T to Si is a 
torsor for qH {S, T, T(E)I) which is natural in p. 

The element oh{p,T) is called the obstruction class of (p,T). If the rings and 
modules are concentrated in degree this equals the ungraded case and the coho- 
mology groups equals the ungraded Andre-Quillen cohomology H*(S', T, T®I). 

Definition 8.6. Given a lifting diagram of ungraded ring homomorphisms as in 
Definition [HH] and a T-module N. Then a lifting of N to Ti is a Ti-module iVi 
with Torf^ (iVi, S) — Q and a map Ni ^ N inducing an isomorphism Ni®S = N . 
Two liftings iVi and N[ of N to Ti are equivalent if there is an isomorphism of 
Ti-modules iVi = N[ commuting with the maps to N . 

There is also an obstruction theory for liftings of modules in terms of Ext groups. 

Proposition 8.7 ( |301 IV 3.1.5]). Given {ungraded) ring homomorphisms as in 
Definition 18.41 with 1^=0 and a T-module N. 

(i) There exists an element oh{q,N) £ Ext^(iV, A^®/) which is natural in q 
such that oh{q, N) — if and only if there exists a lifting of N to Ti. 

(ii) // oh{q, N) = then the set of equivalence classes of liftings of N to Ti is 
a torsor for Ext'^(iV, iV(X)/) which is natural in q. 

The element oh{q,N) is called the obstruction class of (q.N). The following 
long-exact sequence connects these three cohomologies. 

Proposition 8.8. Suppose T is an (ungraded) S-algebra and N is a T-module. 
Let F — T®N be the graded S-algebra with T in degree and N in degree 1 and 



T 




with q(i)S : Ti^s^S ^ T and Tor^' {Ti,S) = 0. 



S 



p 
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let J be a graded F-module with graded components J ~ Jo® Ji of degree and 1. 
Then there is a natural long- exact sequence: 

^ Homj,(7V, Ji) oDers(r, J) Der5(T, Jq) ^ 

Ext:^(7V, Ji) — > oH^(S', r, J) — > Yi\S, T, Jo) Ext^l^V, Ji) ^ . . . 

Proof. To the graded ring homomorphisms S ^ T ^ F there is a distinguished 
triangle of transitivity 

(8.8.1) ^r/T/s ■ L^/s^tT — !• Lf^^g — > ^%jT — ^ ^T/5®T-r[l] 

in the graded derived category of see [SHI IV 2.3.4]. The (standard) simphcial 
resolution Prir) equals T in degree 0, the (standard) T-free resolution Ft{N) of 
the T-module A'' in degree 1, and higher degree terms, see [501 IV 1.3.2.1]. It follows 
that Honip (Lp^y, J) = }iomrp{FT{N), Ji). Since L^/g = ^t/s is consentrated in 
degree 0, Romf^ {L^^^g^xT , J) — llomrp{LT/s, Jo)- O 

Lemma 8.9. Let h : S ^ T be a finite type Cohen- Macaulay map and let M 
he a T-module in mod^. Let £ ^ M ^ Af and Af C ^ M' he an MCM/j- 
approximation and a Df^-hull of JV. Let Xi denote N, M. and C! for i — 0,1,2 
respectively., and put Fi = T®Xi. Let I be any S -module. Then there are natural 
maps of short exact sequences of complexes {see (|8.8.ip ) 

Homf,; (Lfy /^/g, n®/) A Homf: (Lf^ /j,/^, ^0/) ^ Homf,; [L^r,/T/s^ A<»/) 
and 

Homf;(Lf;/j,/^,ro®j) ^ Homf;(Lf;/^/5,r2®/) <^ Homfy (Ls;/^/^,r2®/). 

The induced maps of graded Andre- Quillen cohomology 

oH"(7r*) : oH"(S', A, A®/) oH"(5', A, A®/) and 
oH"(t*) : oH"(^, F2,F2^I) oH"(5, A, Ta®/) 

are isomorphisms for n > and surjections for n ~ 0. 

Proof. There is a natural map L^^y^^g®/'j/o L^^^j,^g of short exact sequences of 
complexes (cf. [3D1 II 2.1.1.6]) induced by the graded T-algebra map A — > Fq. This 
gives TT*. Covariance along A® J — >■ Fq^I gives tt*. In each (cohomological) degree 
the rightmost terms are naturally identified with Houirp^Lx/Si T<E)I) as in the proof 
of Proposition E^Hl By Theorem and Corollary one has Ext^(A^, /:®/) = 
for n > and the oH"(7r*)-statement follows. The other case is similar. □ 

By Lemma 18.91 (and Theorem 15. ip we get induced natural maps for n > 

(8.9.1) (t;(/) : oH"(5, Fo,Fo®sI) oH"(^, A , ^j®s/) for J = 1, 2 and 

(8.9.2) T^{I) : Ext?,(Xo, Xo®s/) — ^ Ext^(Xj, Xj®^/) for j = 1, 2. 

Example 8.10. By elementary diagram chase Lemma gives the following: 

(i) If TT* : ExtJ(A/',A/'®/) Ext^{M,Af'SiI) is an isomorphism for n = 1 and 
injective for n = 2 then tTj(/) is an isomorphism and <jf{I) is injective. 

(ii) If : ExtJ(A/',7V®/) ExtJ(A/', £'®/) is an isomorphism for n = 1 and 
injective for n = 2 then (T2{I) is an isomorphism and crll^) is injective. 
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9. Maps of deformation functors induced by 
Cohen-Macaulay approximation 

In order to use Artin's Approximation Theorem as extended by D. Popescu 
[101 HT| we fix an excellent ring A (see [19, 7.8.2]). We consider the category of 
henselian local yl-algebras in H, denoted yiH. Fibred categories hCM and mod^ over 
A H and Def ^ and Def ^ over yi H /S* are defined essentially as in Section [5] Our pre- 
vious constructions and results are valid in this context as well. In particular defor- 
mation functors Def(r_7\/) • aH/S* Sets arc defined and the MCM-approximation 
and D^-hull induce maps of deformation functors as in Definition 18.11 

Definition 9.1. Let yiA/fc denote the subcategory of artin rings in yiH/Zc. Let F 
and G be set-valued functors on /iH/A: (or A^/k) with ^F{k) = 1 = ^G{k). A 
map if : F ^ G is smooth (formally smooth) if the natural map of sets f^p : F(S) — 
F{So) Xg(So) G{S) is surjective for aU surjections tt : 5 — S'o in yiH/fc (in A^/k). 
An element v G F{R) is versal if the induced map Hom ^[.(/^.(i?, — ) is smooth 
and R is algebraic as yl-algebra. If the map is bijective then v is universal. An 
element v £ F{R) (or a formal element, i.e. a tower G ^m F{R/m'^^)) is 

formally versal if the induced map Hom^|_|/;j.(_R, — ) — >■ _F of functors restricted to 
yiA/fc is formally smooth. See [3]. 

Theorem 9.2. Let k be a field, A a Cohen-Macaulay local algebraic k-algebra and 
N a finite A-module. Let N ^ L' M' be the minimal DA-hull and L ^ M ^ N 
the minimal MCM a- approximation of N. Consider the map 

ul' ■ ^Gif^A,N) — ^ ^^^{A,L') of functors ^H/fc — > Sets 
as in Definition 18.11 

(i) // IIom^(A^, Af) — then a^i is injective. 

(ii) // Ext^(A^, Af) = then <tli is formally smooth. 

(iii) // Ext^(iV, M') — and Def^^ has a versal element then aj^f is smooth. 

The analogous statements hold for '■ Def(^ — t- Def with Ext^(A^, A/) = 
in (i) and Ext^(A^, A'f ) ~ in (ii) and (iii). 

Example 9.3. Note that grade ^ 1 implies condition (i) and grade A^ ^ 2 
implies both condition (i) and (ii). 

Proof (i): Given S in A^/k and deformations {'h : S ^ T, VV) of iA,N) to S 
for i = 1,2. Assume that the images {^h,^C') under ctl' are isomorphic to {h : 
S — > T,C'). Fullback of all these modules along the isomorphisms of h with % 
induce deformations over h. We show that the W are isomorphic as deformations 
over h which implies that a^i is injective. Let S'„ — S'/m^^^, r„ = T(X)S'„ etc.. 
We construct a tower of isomorphisms {(/3„ : W„ = ^A/'„} and conclude by Lemma 
16.11 that the deformations are isomorphic. The case n = is trivial. Given ipn 
and use it to identify the and denote them by Mn- Let / = ker{5„+i -> 
Sn}- By FroDOsition 18.71 there exists an element 9 in Ext;^ (TVn, A/'„(X)/) giving the 
"difference" of the two deformations of 7V„. But 7V„®/ = N^L and by the edge 
map isomorphism of (|2.7.ip we get Exty^(A/'„, A/"™®/) ^ Ext\{N, N)(g)L for ah i. If 
i > then Ext^(L', L') = Ext^(A^, L') and Ext^(7V, A^) Ext^(A^, L') is injective 
by assumption. The obtained injective map p : Ext^(Af, A^)®/ Ext^(L', L')®/ 
induces a map of the torsor actions in Froposition 18.71 on the liftings of Mn and of 
C'^ to Tn+i- Since the ^^-huUs of the Wn+i are isomorphic as deformations, p 
maps to and so 6* = and by Froposition 18 . 71 the W„+i are isomorphic by an 
isomorphism ipn+i compatible with 
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(ii) : Let 5 — ?> 5 in yiA/fc be surjective with kernel I, £, = {h : S T,C') a 
deformation of (A, L') to S and let = (h : S T, £,') denote the base change of ^ 
to S. Suppose there is a deformation {h'-^^ : S T'-^\M) of (A, TV) which aL' maps 
to ^. As above we can assume that /i'-^' = h. By induction on the length of S we 
can assume that I -ms — 0. We find that ob(T T", A/") in Proposition 18. 71 maps to 
ob(T f,C') under Ext^(iV, A^)®/ -J> Ext^(L', i')®/ which by the assumption 
is injective. Since C lifts C to T we have ob(T T, C) = 0. By Proposition 

there exists a lifting W of A/" to T. If f7L'(W) the difference of and 
£' gives by Proposition [Q a 9 G Ext^(L', L')(g)/. By assumption Ext^(7V, A^)®/ 
maps surjectively to Ext\(L', i')®/ and a lifting of 6* perturbs W to a lifting M 
of A/" with aL-{M) = 

(iii) : Let 5 ^> 5 in aH/Zc be surjective with kernel J, ^ = {h : S ^ T, C) a 
deformation of {A, L') to S and let f = (/i : 5 — >■ T, C') denote the base change of 
^ to S. Suppose there is a deformation (/i^^' : S T^'^\Sf) of iA,N) which ctl/ 
maps to ^. Again we can assume that h^^^^ = h. We will find a deformation Af 
lifting A/" such that aL'{h,M) = [h, C). 

Any S in yiH/A: is a direct limit of a filtering system of algebraic /l-algebras in 
yiH/fc. Since Def^^ 2.') is locally of finite presentation [A is algebraic and L' has 
finite presentation) it is sufficient to prove the lifting property for S algebraic. Since 
A is excellent, so is 5 by [IS 7.8.3] and [H 18.7.6]. 

Put Sn = S/vUgJ, C'^ — C'lSisSn, Tn — T®sSn and so on. We proceed by in- 
duction on n to construct a tower {Mn} of deformations oi M inducing {>C^}. Each 
step is done as in (ii). If (T, "A/") G Def^^ n){R) is a versal element, there is a corre- 
sponding tower of maps {/„ : R Sn} such that ("T, "A/") induces {{Tn,Mn)}- We 
obtain the algebra map f : R ^ *S := ^im Sn which induces a deformation (*r, *J\f) 
of {T,N) to *S. Since lim*r„ = limT„ completion in the maximal ideals gives 

an isomorphism *T = T. By [31 2.6], [301 1-3] and |4I, there is an isomorphism 
*T = Ti^s*S whereby *T is identified with T(g)s*S. The tower of isomorphisms 
{aL'{*J^n) = C,'n\ imphes by Lemma [STT] that there is an isomorphism of deforma- 
tions CFL'{*M) ^ *C' above aL'{M) = C' where *£' = *T(S)tC'. 

To apply Artin's Approximation Theorem we define a functor of S'-algebras F : 
sH Sets as follows. If S is in sH let f denote T(g)s^ and let £' denote T^tC. 
Then F(5') is defined as equivalence classes of pairs of maps of finite T-modules 

1 = (j> : A/" TV", i : A/" £') such that N is 5-flat. A map S ^ S' gives a 
map of pairs by base change. Two pairs, and are equivalent if there is an 
isomorphism W = W commuting with the and the ^D. We show that F is 
locally of finite presentation. Suppose S — lii^'S' for a filtered injective system of 
algebras in sH. Put *T = T&S. Then lim'T = f by [H 7.8.3] and [U 18.6.14]. 
Given ^ G -F(>S') as above. Since Af has finite presentation and since the maps i> 
and L can be represented on the finite presentations, there is a finite *T-module 
W and *T-hnear maps 'ly : W J\f and h : W = 'T(E)tC' inducing | by 
base change. We may also assume that W is *S'-flat. Hence liri^F('S') F{S) is 
surjective, and injectivity is similar. Let *^ denote the element in F{*S) given by 
*N ^ N and the D-huU *N' By Artin's Approximation Theorem [2 1.12], 
gni 1.3], [H] there exists & i = [v : M ^ N , i : N ^ C) in F{S) with = 

In particular A/" — )• A/" is a deformation. Since lq : No ^ C'q equals the injective 
N ^ £,' Proposition 12.51 applied as in Example 12.61 implies that i is injective and 
cokert is S'-flat. It follows that l is the D-huU of A/", i.e. aLi{M) ~ CJ . The L-case 
is analogous. □ 
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Theorem 9.4. With general assumptions as in Theorem 19.21 consider the map 
<jm ■ Def (^ jv) — > Def(^ j;/) of functors yiH/fc — > Sets 

as in Definition 18.11 

(i) // Honi^(L, A^) ~ then gm is injective. 

(ii) // Fixtj^{L, N) = then is formally smooth. 

(iii) // Ext^(L, N) = and Def^^ has a versal element then gm is smooth. 

The analogous statements hold for gm' '■ Def^^ —¥ Def^^ ^/z) with Ext\{L', N) = 
in (i) and Ext^ (L',iV) = in (ii) and (iii). 

Proof. The proof is analogous to the proof of Theoreni l9.2l □ 

Fix a field k and a Cohen-Macaulay local algebraic fc-algebra A. Let A T° 
be obtained by henselisation of a finite type Cohen-Macaulay map A T° where 
A is assumed to be an excellent ring. In particular A and T° are excellent rings 
([H 7.8.3], [U 18.7.6]). Assume T°/mT° = k and T"(g)Ak ^ A. There is a 
section yiH — >■ hCM defined by 5' M' T°®S. Let T° denote the fibred subcategory 
of hCM. We consider deformations in modp-„ of an object £^ — [S ^ T°^S,M) and 
obtain the fibred category of deformations Defjj- :— (modp-o)coca/C over aH/S*. The 

deformation functor Deijf : a^/S ^ Sets is defined by the associated groupoid of 
sets Defjf . A special case is given by vl = fc and T° = A. 

Corollary 9.5. With general assumptions as in Theorem 19.21 consider the map 
aL' ■ Def^ — > Def'^, of functors aH/A; — > Sets. 

(i) // Hom^(iV, A/') = then a^r is injective. 

(ii) // Ext\{N,M') = then (JL' is formally smooth. 

(iii) // Ext^(iV, M') — and Def^ has a versal element then a^i is smooth. 

The analogous statements hold for ■ Def^ — )> Def^ with Ext^(A^, M) ~ in 
(i) andExt\{N,M) = in (ii) and (in). 

Proof. This is not a formal consequence of Theorem l9.2l but the proof is similar. □ 

Corollary 9.6. With general assumptions as in Theorem 19.21 consider the map 
ffM '■ Def^ — >■ Def^ of functors ^H/fc Sets. 

(i) // HoniAiL, N) — then gm is injective. 

(ii) // Yixi^iL, N) = then aM is formally smooth. 

(iii) // Yixi^A^L, N) = and Def^ has a versal element then is smooth. 

The analogous statements hold for aM' ■ Def^ — )■ DefJ// with Fixt\{L',N) — in 
(i) and Ext\{L',N) ^ in (ii) and (iii). 

Proposition 9.7. With general assumptions as in Theorem 19.21 

(i) If Q' ~ Hom^(a;A,i') and Q — Hom^(a;yi,i) then Q' and Q have finite 
projective dimension and Def^^ = Def^^ q,-) and Def^^ ^ = Defj-^ q). 

(ii) There are natural maps 

s ■■ Def(A,M) — > Def(^jvf,) and t : Bef^A,L') — > Def(^^) 

commuting with the maps ax ■ Def — > Def^^ x) fof X equal to M and 
M' , and to L' and L, respectively. If A is a Gorenstein ring, then s is an 
isomorphism. 

The analogous statements also hold for the deformation functors Def J . 
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Proof. Lemma [6.101 implies (i). There is a short exact sequence M — )• w^" — M' 
such that the last map is without a common cj^i-summand, corresponding (through 
dualisation) to a short exact sequence Af^ ^ A®" ^ (M')^ where n is minimal. 
The map s is the composition Def^^ j^j-j = Def^^^^v) — >■ Def(^_(^/)v) = Def(^ 
where the middle map is obtained by taking the syzygy of the deformation. If A is 
a Gorenstein ring then uja — A and there is an inverse Defj^^ j^,^,^ — )■ Def^^ given 
by the syzygy map. 

Note that the pushout of M w^" with M ^ N gives N ^ L'. Consider the 
induced short-exact sequence L w®" A- L'. For a deformation A' : £' — > L' there 
is a lifting of /i to a map /i : w®" —)■£'. If £ denotes the kernel of /i then there is 
a cocartesian map X : C ^ L commuting with w®" — >■ w®". By Lemma [52] A' n- A 
gives a well defined map of deformation functors t : Def(^ Defj-^ j^y 

Given a deformation (/i,7\A) in Def^^jy), let C ^ M ^ J\f and M ^ C ^ M' 
be the minimal sequences in Definition 18 II There is a commutative diagram of 
deformations with (co) cartesian square 

(9.7.1) C ^AT 

II 1-1 
C c^®" C 

\ \ 
M'^=M' 

where w®" C is given as above. The stated commutativity of maps of deforma- 
tion functors follows. □ 

Corollary 9.8. Let A he an Cohen- Macaulay local algebraic k-algehra with residue 
field k. Suppose dim A ^ 2. Then there exists finite A-modules L' and Q' with 
inj.dimL' — dim^ — pdimQ' and universal deformations C G Def;^/(v4) and 
Q'eDef^,(A). 

Proof. Let /i = 1® id : A ^ A®kA = T and TV = A be the cychc T-module defined 
through the multiplication map. Then T®Ak = A and M®Ak = k and this gives 
a deformation M ^ k oi the residue field of A which is universal. If L' is the 
minimal D^i-hull of the residue field k then C = ctl' (A/") £ Def J/ (A) is universal by 
CoroUarv 19.51 If Q' — Hom^(wA,-^') then Homj.(wT,'C) € DefQ,(yl) is universal 
by Proposition 19.71 □ 

Corollary 9.9. With general assumptions as in Theorem l9.2l vut X — Spec^. Let 

Z be a closed subscheme such that the complement U is contained in the regular 
locus. Assume N^jj is locally free, depth^ N ^ 2 and H^(Hom^(L, N)) = 0. Then 

ctm ■ Def(y^ ^-j — 5- Def(-^ and : Def^ — > Def'^j are formally smooth. 

Proof. We show that Ext^(L,iV) = and apply Theorem 19.41 and Corollary 19.61 
By Theoreme 1.6 in [551 Expose VI] there is a cohomological spectral sequence 

(9.9.1) EP'" = Ext^(L,HP(iV)) ^ ExtP+''(X; L, iV) . 

Since ^^(iV) = for z = 0, 1 the restriction map Ext^(i, N) Ext^(X; L, iV) in 
the long exact sequence is injective. Since U is contained in the regular locus, M\u 
and hence L|y are locally free. It follows that Ext^(X; L, TV) is isomorphic to 

(9.9.2) ^^eoXL\u,N\u) - ^\U, Uoma, [L, TV)) = H|(Hom^(L, TV)) 
which is zero by assumption. □ 
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Example 9.10. The condition H|(Honi^(L, A^)) = is implied by N\u = or 
depths (Hom^(i,iV)) > 3. 

The following result extends A. Ishii's [311 3.2] to deformations of the pair. 

Proposition 9.11. Let k be a field and let A be a Gorenstein local algebraic It- 
algebra. Suppose L ^ M N is the minimal Cohen- Macaulay approximation of 
a finite A-module N . If depth = dim A — 1 then 

(Tm ■ Def(^^^) — > Def(^ and af.j : Def'^ — > Def^/ are smooth. 

Proof. By assumption L = A®^ . Assume {hi, Mi) in Def ^^jy^^ (S*!) maps to {h,M) 
along the surjection 5*1 — > S. Assume cta/ maps {h' ,N) in Def(^ jv)(S') to [h,M.). 
We can assume that h' = h and that the minimal MCM/i-approximation of N is 
CUM^N where C'^T®\ Let Ci = and choose a lifting pi : Ci ^ Mi ol 
p. Put Ml := cokerpi with its natural map to N. Then A/i is S'l-flat [pi®S = p) 
and aM{hi,Ni) = {hi,Mi). □ 

Remark 9.12. If dim A ^ 1 and an MCM ^-module M has a rank, r = rkAf, then 
there is a short exact sequence A*" — )• M — >■ TV with N a codimension one Cohen- 
Macaulay module, cf. fTUl 1.4.3]. Hence in the case ^4 is a Gorenstein domain all 
MCM modules admits MCM^-approximations by CM modules in codimension one 
and Proposition 19.111 applies. However, it's not always possible to continue this 
reduction: If A is a normal Corenstein complete local ring any MCM v4-module 
AI is the MCM^-approximation of a codimension 2 Cohen-Macaulay module up to 
stable isomorphism if and only if A is a unique factorisation domain, see |46l I33| . 

Let A be a Gorenstein normal domain of dimension 2 and A^^^ M ^ I the 
minimal MCM approximation of a torsion-free rank 1 module /. Let U denote the 
regular locus in X = Spec A. If T = A^kS for S" in feH/fc there is a natural section 
A^T. Let Ut denote U Xx SpecT. Consider the subfunctor Def^;^ C Def^;^ of 
deformations M with trivial induced deformation A^M\Ut- Note that H°(J7, A^M) 
is isomorphic to the MCM module / :— H"([/, /). It follows from Propostion lQ.llI 
that the resulting map from the quotient functor Quot^^-j Def^j'^ is also smooth, 
cf. [m 3.2]. In particular, if Ea is the fundamental module and A/mA — k then 
Hom^i_i/j.(A, — ) = Quot^^c;^ = Def^^^^ gives a versal family for Def^^ by the 
MCM approximation in Corollary [731 see |3T1 3.4]. 

Example 9.13. Assume A/mA — k and let M denote the minimal MCM approxi- 
mation of k. It's given as M = Hom^(Syz^(fc^), w^) where d = dimA, cf. Remark 
15.61 One has fc^ = Ext^(A:,WA) = k. We apply Hom^(— to the short exact 

sequence SY7,^{mA) A®^^^ mA- Assume dim A ~ 2. Since Ext^ (m^ , w^i ) — k 
we obtain the MCM approximation of k: 

(9.13.1) O^LJA ^ w®'^' —^M^k^O 

In particular rk(M) = /3i - 1 and ii{M) = t{A) ■ (3i -\- 1 where t{A) is the Cohen- 
Macaulay type of A. In the case A = A{m) = u"^~^v, . . . , v™]^, the vertex of 
the cone over the rational normal curve of degree m, which has the indecomposable 
MCM modules Mi = (m*, u^~^v, . . . , w') for i ~ 0, . . . , m— 1, one finds that M = 
M®!^i. We have 

(9.13.2) dimfe Befiiikle]) = dim^ Ext^(M, M) = (m - 1) • 

while dimfc Def^(/c[e]) — m -\- 1. Even in the Gorenstein case (m — 2) the tan- 
gent map isn't surjective and so Proposition 19.111 cannot in general be extended to 
depth = dim A — 2. For a detailed description of the strata defined by Ishii in 
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pi] of the reduced versal deformation space of M , see [23]. Applying Honi^(fc, — ) 
to xnA -> A — > fc gives an exact sequence 

(9.13.3) O^Ext^(fc,fc) — >T)ei^^{k[e\) — > fc**^) — >Ext^(fc,fc) 

since Ext\(myi, nx^i) = Ext^(fc,myi) and dimA — 2. In the case A — A{m) the 
fundamental module Ea (I7.1.ip is isomorphic to M!^_-^ with dim^ Def^^ (fc[e]) = 
4(m — 1). The conclusion in Proposition I9.11| cannot hold in the non-Gorenstein 
case m > 2. 

10. Existence of versal elements 

We prove existence of a versal element for a pair (algebra, module) with isolated 
singularity. The following lemma is used in the proof. 

Lemma 10.1. Let h^^ : S ^ T^* he a finite type homomorphism of noetherian 
rings. Let _r^* — T^^®N he the graded S-algehra with a finite T^^ -module N in 
degree 1 and let I — he a graded F^''' -module with */ in degree i. Let T denote 

the henselisation of T^^ in a maximal ideal m and put F — T®F^^. 

(a) There are natural isomorphisms of graded Andre-Quillen cohomology 

oW{S,F,T®I) ^ Qll'{S,F^\l)®T!tT for alii. 

Suppose in addition that h^^ is fiat, I is finite as T^^ -module, S is local henselian 
and S/ms = T^'/m = k. Let k — )■ A^^ denote the central fihre ofh^^. Put mo = mA^' 
and Nq — N^s'k. Assume V — Spec A^* \ {iTio} is smooth over k and Nq restricted 
to V is locally free. 

(b) For all i > the graded Andre-Quillen cohomology oiV{S, F, T®L) is finite 
as S -module and there is a natural -isomorphism 

o-H\S,F,T(E>I)^oii'iS,F'\L)m. 

Proof (a) Note that there are natural maps oH'(S', T, T®/) oH'(5, T^*, T(g)/) 
and oH\S,F^\I)(8)Tt^T oH\S, F^\T(g)L). We consider the natural long-exact 
sequence in Proposition 18.81 and prove that the analogous maps for the ungraded 
Andre-Quillen and Ext cohomology are isomorphisms. The cotangent complex 
is trivial for Zariski localisation and by the transitivity sequence Hi(T^',T, — ) — >■ 
Hi(T^,T, — ) is an isomorphism for all i. Andre-Quillen homology commutes with 
direct limits in the second argument [21 HI 35] and the cotangent complex is trivial 
for etale extensions [301 HI 3.1.1]. Hence R^{T^\T,T) = for ah i. By 2, III 21] 

(10.1.1) W{T^\ T, r(8)°/) = Hom-r(H,(T*', T, T), T®°L) = for aU i . 

From the transitivity sequence W{S, T, T®°/) = ff (5, T®"/) for all i. Moreover 
rph _^ y jg g^jjjj rpft jg q£ finite type over the noetherian S and we obtain 

(10.1.2) (5,rf*,°/)®j.ftT = R'{S,T^\T(S)°L) = ll\S,T,T(E)°L) 
for aU i [2 , IV 58]. Since T is T^t-flat and N finite 

(10.1.3) Ext^ft(A^, ^L)®TitT = Extytt(iV,r®i/) = Ext^(r®A^, T^^/) . 

(b) The non-smooth locus of /i^' is closed, i.e. defined by an ideal J C T^*. Smooth 
is equivalent to flat with smooth fibres [211 17.5.1]. Hence Jq = JA^^ defines the 
non-smooth locus of A: — > A^^ and Jq is mo-primary. Put f^' = T^*- / J. Since A^*- / Jq 
has finite length, S — > T"^' is quasi-finite at m [IHl Err 20] by Chevalley's upper 
semi-continuity theorem [20l 13.1.3] and openness of SpecT^* — )• Specs' [19l 2.4.6]. 
Since S is henselian it follows that there is a ring T' such that T^* is isomorphic 
to f^Y{T' where is finite as S- module [HI 18.5.11]. Hence there is a Zariski 
neighborhood J7 of m in SpecT^' such that non-smooth locus Ur\V[J) is finite over 
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S and the support of = R'{S, H) in U is contained inUr\V{J) for all i > 
by [Sni III 3.1.2]. Since HJ^, equals restricted to U , it follows that HJ^ is finite as 
S'-module. With the isomorphism in (a) we get 

(10.1.4) tf(S',r,r®°/) ?^H'(S',Tf*,°/),n(»Tft7' = ff(S',r^*,°/)m. 

The locus where N isn't locally free is closed, i.e. defined by an ideal J' C T^'. 
Locally free is equivalent to flat and locally free fibres. Hence Jq = J' A^^ defines 
the singular locus of A^o and Jg is mo-primary. As for the Andre-Quillen cohomology 
we get a Zariski neighborhoud U' of m such that = Ext^tt [N, ^I) restricted to 
U' equals Yj]^ and is finite as S'-module for all i> 0. With (a) we get 

(10.1.5) Ext^(T®iV,T®i/) = Ext^ft(7V, ^I)(g,rttT ^ Ext^ft(Ar, ^I)m ■ 

We conclude by the long-exact sequence in Proposition l8.8l □ 

Let fc be a field, A an algebraic fc-algebra with A/mA — k and TV a finite A- 
module. Without any Cohen-Macaulay condition on A we define a deformation 
{h : S —i' T,Af) of the pair {A,N) to an S in aH/Zc as before and obtain the 
deformation functor Def^^ : yiH/fc — > Sets as equivalence classes of deformations 
of pairs. 

We say that A is an isolated singularity over k if there is a finite type /c-algebra 
A^^ with a maximal ideal mo such that the henselisation (^^')mg is isomorphic to A 
and which is smooth over k at all points in SpecA^' \ {mo}. We say that the pair 
(A, N) is an isolated singularity over k if A is an isolated singularity over k and if 
A'p is a free -module for all prime ideals p ^ mA- 

The following theorem is a consequence of results of R. Elkik and an argument 
of H. von Essen. 

Theorem 10.2. Let {A, N) be an isolated singularity over the field k with A equidi- 
mensional. Then Def(^ : aH/Zc — > Sets has a versal element. 

Proof. We apply ;T, 3.2] with the extension to arbitrary excellent coefficients given 
by [13l 1.5] to show the existence of a formally versal element for Def^^jy)- 
the finiteness conditions it follows that Def(^ ^) is locally of finite presentation. 
The condition (SI) holds in general by Proposition 18.51 Let (/i : 5 — >■ T,J\f) be a 
deformation to S. Let (r^',m) be an S-Rat finite type representative for T such 
that = Tf*(g)sfc has a single non-smooth closed point mo = mA^* and let A/"^' be 
an S'-flat finite T^'-module representing M. The singular locus of N^^ = M^^^sk 
is closed and equal to V{Jo) for some ideal Jo ^ A^'- But mo is isolated in V{Jo) 
so (possibly after inverting some element in T^') we may assume that A^^* is locally 
free away from mo. Let / be a finite 5-module. By Lemma TlO. II nH^fS*. F. r(^ql) 
with r = T®J\f is a finite S'-module, so by Proposition 18.51 condition (S2) holds. 

For effectivity, there is a deformation functor Dcf^^ft ^ft) : aH/A; — > Sets of 
base change maps of pairs (S T^^,M^^) (k ^ A^*,iV^*) where T^' is a flat 
5-algebra of finite type and A/"^* is an S-flat finite T^'-module. Base change is given 
by the standard tensor product. Similarly there is a Def^tt. Restricted to aA/Zc 
Def(^ft ^ft) satisfies (SI) and (S2). Hence there exists a formally versal formal 

element {(T^*, A/"^*)} in limDef(^tt_^ft)(S„) where S'„ = S'/m^^^ for some S' = S in 
A^/k. By [ini Theorem 7, p. 595] (cf. H 5.1]) there exists an element S T^* in 
Def^ft(S) which induces {T"^'}. Let T' be the henselisation of T^* in the maximal 
ideal m = (r"^A)-i(mA). Then 5 ^ T' is a deformation of A. Let T* be the 
completion of T' at the ideal n = msT' and let A/"* = ^Mi- Then Af* is an 
S'-flat flnite T*-module. Let J* C T* denote the ideal I{ip) where is a minimal 
presentation of J\f*. Then J* defines the locus V{J*) where J\f* is not locally free. 
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Let J = kcr(r' ^ T*/J*). Since T* / J* is finite as S'-module, T'/J = T* / J* . The 
proof of 44, 2.3] works in this situation too (there is a typo in line 5: it should be a 
direct sum, not a tensor product) and shows that the completion of T' in the ideal 
a = JnmsT' equals T* . Since Af* is locally free on the complement of V{aT*), the 
conditions in [ini Theorem 3] hold. From this result we obtain a finite T'-module 
TV inducing M* . In particular M is S'-flat. 

We claim that the henselisation map Defj-^tt jy") ~^ Def(^ is formally smooth. 
It follows that the element {T',Af) in Def^^ N)i^) formally versal. For the claim, 
put r^' = ^f'©7Vf* and T = A®N and let n : Si ^ So = Si/I he a small 
surjection in yiA/fc. The obstruction ob(7r,r'o') e oH^(^, -f"^', -f'^')i8)fc/ for lifting a 
deformation r'p* of I^^' along tt maps to the corresponding obstruction ob(7r, Fq) € 
oH2(fc,r,r)®fe/. The isomorphisms ff(S',T,T) = ff (5, T^*, Tf*)^^"?' for all i 
implies isomorphisms otl''{k, F^^, F^^) = oH*(A;, 7^, F) for z = 1, 2 as in the beginning 
of the proof. Smoothness follows by the standard obstruction argument. By 4, 3.2] 
and [13] there is an algebraic /c-algebra R and a formally versal element (T, TV) in 



Finally we apply [U 3.3] (for general excellent coefficients) to conclude that the 
formally versal element (T, TV) is versal. We already have (SI) and (S2). To check 
m 3.3(in)], let S be algebraic in yiH//c, / an ideal in S and put S* — lim Sn where 
S„ = S/I''+^. Let = i'T,W) for i = 1,2 be two elements in Def jy) (-S"* ) and 
{dn ■ ^£,n — ^Cn} bc a tower of isomorphisms between the S'„-truncations. There are 
finite type representatives = (*T^*, *TV^') of the By the cohomology argument 
above one obtains by induction a tower of isomorphisms {0^^ : = ^S.^} inducing 
{On}- Since ^im S/F'-^^S = S* where S is the completion of S in the maximal ideal, 
we can apply [TH Lemme p. 600] to conclude that the henselisations of the in 
*T^*/ are isomorphic by an isomorphism lifting : ^Fq = ^Tq. Further henselisation 
in the maximal ideals gives an isomorphism of deformations = ^F. By Lemma 
16.11 the isomorphism is extended to an isomorphism of the pairs -0 : = which 
lifts Oq. By [m 1.3] condition '4', 3.3(ii)] is unnecessary and we conclude that (T,TV) 
is versal. □ 

Remark 10.3. Let A be an Cohen-Macaulay local algebraic fc-algebra and TV a finite 
j4-module. We say that TV has an isolated singularity if TVp is a free j4p-module 
for all prime ideals p ^ mA- In that case a similar, but easier argument gives 
that Def^ has a versal element. This is the result f44'j 2.4] of von Essen, but 
for a slightly different fibred category of deformations where henselisation is taken 
along the closed fibre. However it implies the result in our case, essentially by 
henselisation at ma. CoroUarv 1 1 .41 and 110.51 have obvious analogs for Def^ in this 



Corollary 10.4. Suppose A is an isolated Cohen-Macaulay singularity over the 
field k and N is a finite length A-module. Let L ^ M ^ N and N ^ L' ^ M' be 
the minimal MCM a- approximation and DA-hull of N respectively. Fhen: 



Dei^A,N)iR)- 



case. 



(i) Defj^jY) 'i'^'S versal element. 

(ii) If dim A ^ 2 and Q' denotes IIom^(a;/i, L') then 



Def, 



(A.N) 



= Def, 



iA,L') 



= Def, 



(iii) If dim A ^ 3 and Q denotes Hom^(w^,L) then 



Def, 



{A,N) 



= Def, 



(A,L) 



= Def, 



(A,Q)- 



Proof This is Theorem [TU:^ Theorem [121 and Proposition O 



□ 
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Corollary 10.5. Suppose A is a local algebraic k-algehra which is a Gorenstein 
normal domain with dimyl = 2 and N is a finite torsion-free A-module. Let L — J> 
M ^ N be the minimal MCMA-approximation of N. Assume k is perfect. Then 
■Def (A Af) '^^'^ '^^^{AM) both have versal elements and the map a^i : Dcf^^ — >■ 
■Def(A M) ^■s smooth. 

Proof. Since A is a domain N torsion-free implies that is a first syzygy. It follows 
that Np is a MCM -module for all primes p ^ and since A is 2-dimensional 
and normal iVp is free. As fc is perfect it follows from [Tni 6.7.7 and 6.8.6] that 
(A, iV) and (A, M) are isolated singularities and hence Theorem 110.21 applies . Since 
depth ^ 1, L is projective and by Theorem 19.41 fiii) ctm is smooth. □ 



11. Deforming maximal Cohen-Macaulay approximations 
OF Cohen-Macaulay modules 

Let /i : S* — )> T be a homomorphism of local noetherian rings. An h-sequence (or 
just an /i-regular element if n = 1) is a sequence J = (/i, ...,/„) in T such that the 
image J in A = T^sS'/mg is an A-sequence. Applying the Koszul complex K{J) 
as in Example 12.61 one sees that an /i-sequence is a transversally T-regular sequence 
relative to S as defined in [3TJ 19.2.1]. In particular; J is an /i-sequence if and only 
if J is a T-sequence and T/J is 5'-flat. 

Theorem 11.1. Let q : A T° denote the henselisation of a finite type Cohen- 
Macaulay map with T° /mT" — k and T°(i)Ak = A. Suppose J = is 
a q-sequence. Put T° = T° / J ^ B = T°®Ak and let J be the image of J in A. 
Let N be a maximal Cohen-Macaulay B-module and L M N the minimal 
MCMA-approximation of N. If oh {A/ — B,N) — 0, then the composition of 
maps 

Def^° Befl° Def^; 
of functors from /iH/fc to Sets is injective. 

Example 11.2. The existence of a splitting B — > A/,P implies that oh {A/ J'^ , N) = 

for all _B-modules N since A/ P®bN gives a hfting of N to A/ P. 

Let C be a category. Then Arr C denotes the category with objects being arrows 
in C and arrows being commutative diagrams of arrows in C. An endo- functor F on 
C induces an endo-functor ArrF on Arr C. Let B be a noetherian local ring and Pb 
the additive subcategory of projective modules in mods. Let Hom ^ {N, M) denote 
the homomorphisms from N to M in the quotient category mod p = mods/Ps 
i.e. _B-homomorphisms modulo the ones factoring through an object in P^. For 
each N in mods we fix a minimal _B-free resolution and use it to define the syzygy 
modules of N . Then the association N i-^ Syzf N induces an endo-functor on mod ^ 
for each z, considered by A. Heller i26 . Define Exty A^. M) as Hom^(Syzf TV, Af) 
which turns out to be isomorphic to Ext^ {N, M) for all i > 0. 

Lemma 11.3. Let A be a noetherian local ring and I — (/i,...,/„) a regular 
sequence. Put B — A/I and suppose N, Ni and N2 are finite B -modules. Let Mi 
denote B(E)Syz^Ni. 

(i) There is an inclusion un ■ N — )■ Mn of B -modules with Mn = -Bcg)Syz^iV 
which induces a functor u : mod ^ — > Arr mod ^. 

(ii) The functor u commutes with the B-syzygy functor: 

ArrSyzf (m^) = Ugy^Bjv 
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(iii) The endo-functor i3(g)Syz^(— ) induces a natural map Ext pfiVi , N'?) 
Ext g (Ml , M-?) which makes the following diagram commutative: 

Ext^B(iVi, iVa) ^ Ext'slMi, M2) 




Ext'B(iVi,M2) 

(iv) The inclusion uat : iV ^ B<S>Syz^N splits oh{A/,P B,N) = 0. 

Remark 11.4. Lemma [11. 31 (iv) strengthens 8, 3.6] (in the commutative case). 

Proof, (i): Suppose — !• is a minimal v4-free resohition of N. Tensoring the 
short exact sequence Syz^iV A — s> Syzj!^_]^A'^ with B gives the exact sequence 

(11.4.1) ^ Torf (B, Syz^_^N) B(g,Syz:^N F^^i B®Syz^^-^N . 

We have Torf (J5, Syz^.^TV) = Tov^{B,N) = N. Let un be the inclusion N = 
ker(i?(g)yij) B^Syz^N . Then iV 1— > ujv gives a functor of quotient categories. 

(ii) : Let p : Q be the minimal B-free cover and P, — > Syz^iV the minimal 
A- free resolution of the B-syzygy ker(p). Then there is an A-free resolution iJ* — ^ Q 
which is an extension of F^, by P^,. Since Syz„_B = A, tensoring the short exact 
sequence of resolutions by B we obtain the commutative diagram with exact rows: 

(11.4.2) ^ Syz-^iV ^ Q ^ TV ^ 

^ B(E)Syz:^{Syz^N) ^ B'-^Q ^ B(g)Syz:^N ^ 

which proves the claim. 

(iii) : By (ii) it is enough to prove this for i — 0. The case i = follows from the 
functoriality in (i). 

(iv,-^): For the case n = 1 see the proof of [8] 3.2]. Assume n ^ 2. We follow the 
proof of 8, 3.6] closely. Let Ai = A/(/i). Then fJ^^ = Ai(g)F^^i[l] gives a minimal 
Ai-free resolution of ^li^Syz^^TV. We have oh{A/.P ^B,N) = 0^ oh{A/{fif 
Ai,N) = and hence is a direct summand of ^iigjSyz^A''. Let G* — TV be a 
minimal j4i-free resolution of N. Then G* is a direct summand of Fi^-* and hence 
Syz;^ii7V is a direct summand of Syz;^ii(Ai®Syz^iV) = Aii^Syz^N. Tensoring 
this situation with B gives a commutative diagram: 

(11.4.3) N B^Syz^N F„_i ^ ^ A ^ Fq ^ N 



■Jl 



N B(^Syz^l^N Gn-2 ^ ^ Go ^ N 

Since ob(A/ B,N)=0^ ob(Ai/(/2, . . . , fn)^ ^ B,N)=0 the map m splits 
by induction on n. So u splits. The other direction follows from [H 3.6]. □ 

Proposition 11.5. Let h : S ^ T be a local Cohen- Macaulay map, J = (/i, . . . , /„) 
an h-sequence, h : S ^ T = T/ J the local Cohen- Macaulay map induced from h, 
and (h,Af) an object in MCM^. Let ^ : C M ^ Af be the minimal MCM^- 
approximation of J\f. Then tensoring ^ by T gives a A-term exact sequence 

which represents the obstruction class oh{T / — > T,M) G Ext^(7V, A/"® J/ J^). 

Moreover] ob(F/j2 f,N) ^ Q ob(F/j2 ^ f,M'^) = vf splits 
where 7V^ = ExtJ(A/', w/i). 
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Proof. By Proposition [13] Torf(r, TW) = }l,{K{f)(g)M) = for i > 0. There 
is a map from the defining short exact sequence Syz TV — J> Fq — A/" to ^ lifting 
idjv'- Tensoring with T gives a map of 4-term exact sequences with outer terms 
canonically identified. Hence they represent the same element ob(T/J^ T,Af) 
in Ext|(A/',A/'«)J/J2). 

By the argument in Remark 15.61 we can assume that ^ is given as im{d'^) — J> 
{SyzlAf^y -j> JV"""^ where {F^,d*) is a minimal T-free resolution of TV"". By 
Lemma [TO] ob(r/j2 f,JV'') = if and only ii u : JV"" ^ 'f(8)Syz^A/'^ 
splits. But applying Homj^(— , a;,-) to u gives tt since A/" = Ext J (A/"^ , w/i ) = 
Homj,(A/'v,w^). □ 

Remark 11.6. In the absolute Gorenstein case with n = 1 this is given in [81 4.5]. 

Proof of Theorem mH Given S' in ^H/fc and let /i : 5 ^ T and ft. : 5 T = T/JT 
be the induced hCM maps. Let W be deformations of N to h for i = 1,2 and 
assume that the minimal MCMft,-approximation modules ^Ai of W are isomorphic 
as deformations of M. We proceed as in the proof of Theorem 19.21 (i) with S'„ = 
S/nig^^, Ml = Af®sSn etc., construct a tower of isomorphisms {ipn '■ W ^ W}, 
and conclude by Lemma lOI that W and W are isomorphic as deformations of N. 
For the induction step we use that the map of torsor actions along Def (Sn+i) 
Def^^(S'„+i) is induced by a natural map p : Ext]j{N,N) Ext\{M,M) which 
is injective. The map p is given as follows. 

Let n : M ^ N denote the MCM^i-approximation and tt : M — > TV be the 
B-quotient. Then tt splits by Proposition 111.51 Hence tt* : Ext^(iV, TV) ^ 
Exts (M,iV) splits. Since J is an M-regular sequence, Ext^(M,iV) Ext^(M, A^). 
Since Ext^(Af, i) = for all i > 0, tt* : Ext\(Af, M) = Ext^(M, N). Summarised: 

(11.6.1) Ext^(Af, N) Ext^(A//, M) 

Ext^(A^, N)c '^'^ Ext^(Af, N) 

□ 

The technique used to prove Theorem 111.11 also gives the following result. 

Theorem 11.7. Let A and T° be henselian and noetherian local rings and q : A 
T° a local and fiat ring homomorphism with T° /xxit- = k and T°®Ak = A. Suppose 
J — (/i, . . . ,/„) is a q-sequence. Put T° = T° / J ^ B = T°®Ak and let J be the 
image of J in A. Let N be a finite B-module and let M denote the syzygy module 
Syz>. 

//ob(y4/J^ — !■ B, N) = then the natural map s : Def'^ Def'^j is injective. 

Proof. We proceed as in the proof of Theorem l9.2l and lll.ll Given deformations VV 
of TV to ft for i = 1,2. They map to := Syz^(W) which we suppose are isomor- 
phic as deformations of M to ft. Then the natural syzygy map s^ : Ext^g{N, N) 
Ext^(Af, Af) induces the map of torsor actions along s of the inifinitesimal exten- 
sions. The composition of s^ with Ext^(Af, Af) Ext\{M,M) ^ Ext^(A^, M) 
commutes with the horizontal map in Lemma |ll. 31 fiii). But Lemma |l 1.31 fiv) im- 
plies that (un)* is injective, hence s^ is injective too. Proceeding by induction on 
xn'p' -truncations of the deformations we construct a tower of isomorphisms and 
conclude by Lemma |6. II □ 

Remark 11.8. Theorem lll.71 resembles ^51 Thm. 1]. However Theorem 1 1 1 . 71 makes 
a sounder statement in a more general setting and has a more transparent proof. 
Indeed, the various similar results in [2 8) can be changed and proved accordingly. 
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12. The Kodaira-Spencer map of Cohen-Macaulay approximations 

A modular family of objects is roughly speaking a family where the isomorphism 
class of the fibre changes non-trivially. The Kodaira-Spencer map makes this idea 
precise. We consider the Kodaira-Spencer classes and maps for families of pairs 
(algebra, module) and by invoking the long-exact transitivity sequence we relate 
them to the corresponding notions for the algebra and the module. Then we show 
that Cohen-Macaulay approximation of modular families under conditions as in 
Theorem 19 . 2M9.4] and 1 1 1 . 11 produce new modular families. 

The following is a graded version of [30l II 2.1.5.7]. 

Definition 12.1. Let A ^ S and 5* ^ -T be graded ring homomorphisms with A 
and S concentrated in degree 0. The map Lf^/g Ls/A®sr[l] in the corresponding 
distinguished transitivity triangle of (graded) cotangent complexes (see (jS.S.ip 'l is 
called the Kodaira-Spencer class of A ^ S ^ F. 

Composing the Kodaira-Spencer class with the natural augmentation map 

induces an element n{r/S/A) G oH^(5, fis/A'Sis-^), the cohomological Kodaira- 
Spencer class, which is also given as follows. Let V ~ 'Ps/A denote S®aS/P 
where / is the kernel of the multiplication map S^aS — >■ S. There are two ring 
homomorphisms ji and j2 from S to V defined by ji : s s®l and j2 ■ s t-^ l(E)s. 
Let ds/A denote the universal derivation (induced by j2 — ji)- The principal parts 
of r is V(E)sr (with the j2 tensor product), which gives an ^-algebra extension (via 
ji) representing the Kodaira-Spencer class: 

(12.1.1) <r/s/A) : ^ ns/A^sr Vs/A®sr -^r^o 

see [30j III 1.2.6]. Since V^sT has a natural T'-algebra structure, (|12.1.1I) is 
also a (graded) algebra lifting of F along "P 5 as in Proposition 18.51 The 
ji-extension F(S)s'P — > is a trivial lifting (split by idr^f-p) and the difference 
in oH^(S',r,f]s/yi®s^) given by Proposition ED (ii) equals k{F/S/A), see [30| III 
2.1.5]. Moreover, the difference l-p^idp — idp (8)l-p induces ds/A'^^^T (in degree 0) 
which is mapped to k{F/ S/ A) by the connecting homomorphism 

(12.1.2) d : BevAiS, ng/A^sT) oii\S, F, Qs/A^sr) 

in the long-exact transitivity sequence, see [3D1 III 1.2.6.5 and 1.2.7]. 

In the special case of 7^ = T®M, M a T-module and S — T, the transitivity 
sequence oi A ^ F F is given in Proposition 18.81 The Kodaira-Spencer class 
equals d^dr/A) G Exty(A/', riT/^(g)TA/') and is called the (cohomological) Atiyah 
class and is denoted by at7-/^(A/'), cf. [301 IV 2.3.6-7]. The class is represented by 
the short exact sequence 

(12.1.3) atT/A(A/') : Q^VLt/a^tM — yVx/A^T-N' — >M^Q. 
The Kodaira-Spencer map of A S ~> F 

(12.1.4) g'^-.-DeiAiS) ^oB^\S,F,F) 

is defined hy D ^ k{F/ 8/ A) where : ^s/A S corresponds to D. Pushout 
of p2.1.ip by /^(8)idr gives the corresponding algebra lifting of F along S[e] S 
given by g^{D). 

Proposition 12.2. Let F denote the graded S-algebra F®Af where A ^ S and 
S" — !■ T are (ungraded) ring homomorphisms and J\f is a F -module. Consider the 
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transitivity sequence of S T ^ F in Proposition [8 

. . . ^ Ders(T, ng/A^sT) A Ex4(A/-, VIs/a^sJ^) A oR\S, F, ng/A^sr) ^ 
ll\S,T,ns/A(^sT) ^ ... 

(i) The map i* takes the Kodaira- Spencer class K{r/S/A) to k{T / S / A) . 

(ii) Assume k{T/S/A) — and choose an S -algebra splitting a :T ^ V(EisT. 
Then there is a class k{(j,N) ^ K{T/S/A,a,J\f) G Ext]. {J\f,ns/A^sJ^), 
natural in the argument, which maps to K.{r/ S/ A) by u. 

(iii) Let D{a) e Deryi(T, ilg/yj^sT) be the derivation corresponding to the split- 
ting a and for each Di G Deryi(S') let Xa-{Di) denote f^^D{a) G Deryi(T). 
Then 

Proof. The degree zero part of (|12.1.1D gives the image i* K{r / S / A) represented by 
the algebra extension 

(12.2.1) K(r/5/yl) : ^s/a^sT — > Vs/a^sT -^T^O. 
The degree one part is the short exact sequence of P^sT-modules 

(12.2.2) a = a{T/S/A, Af): ils/A^sJ^ Vs/a®sM N ^ Q . 

The sphtting cr makes a to a short exact sequence of T-modules which defines 
K{TlS/A,a,N). 



f: 



and the resuh follows from the com- 



For (iii) we have Xo-(-Di) 
mutative diagram 
(12.2.3) 

D{a) E DeiAiT, ^^s/A®sT) ^ DerA(T, fl^M) 9 ^t/a 



Der^(T,r) 
Exti,(AA,A/-) ^.^^^ 

K{cr,M) e Ext^(7V, rjg/^^sTV) >- Extr(A/', fir/yi^TA/') 3 atr/Ai-^) 

where the two outer vertical maps are pointed. □ 

We call K{a,Af) for the Kodaira-Spencer class of {T/S/A,a,M). Define the 
Kodaira- Spencer map of {T/S/ A,a,J\f) 

(12.2.4) 5^'^'^) : DerA(5) Ext^(A/', A/") 

by g'^'^'^^D) := (/^(g)id),«:(cr, A/"). 

In the case T = S®aT° we always choose the S'-algebra splitting S®aT° — ^ 
Vs/a®sS®aT° = Vs/a®aT° given by s®t ji{s)®t. In particular n{T/S/A) = 
and we get a canonical Kodaira-Spencer class Hi{J\f) and a corresponding Kodaira- 
Spencer map g-^ . 

Remark 12.3. There is no reason to believe that K,{a,N) maps to atj-/yi(7V) in 
diagram (|12.2.3p for any choice of a. While there is a canonical map of short exact 
sequences (of S'-modules) 



at 



T/A 



(AA) 



SI 



s/A<»s^f - 
I 



Vt/a®tM - 
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T is in general not T-linear. However, in the case 5 — > T is smooth then D,g^j\(E)T — >■ 
^T/A ^T/s is spht exact. There is a non-canonical lifting of the universal 
derivation in Deryi(r, JIt^/^) to Deryi(r, Jlg/yid^T) and the corresponding choice of 
splitting a makes r T-linear and so (or by (|12.2.3p ) n{<j,M) maps to at7-/^(7V). 

Example 12.4. Another special case is given by the base change oih : S ^ T with 
itself to h®T : T T®sT = r®^ and a T-flat T^^-module N, cf. Section H Then 
k{T®'^/TIS,N) in Ext;^»2 (TV, riT®2/T<8'A/') equals aXT«>2 /tW)- The multiplication 
map ht<s2/t : VTm/r 2"®^ equals idr ®A^t/s '■ T®s'Pt/s T®'^ . It follows 
that at7-®2/7-(7V) maps to at7-/5(7V) in Exti^(A/', IIt/s^TV) by the natural map. If 
N = T then atT/s(r) = 0, but in general sXt»2 /j^{T) ^ 0. 

Example 12.5. The transitivity sequence oi A ^ T ^ T and J with T = T®M 
and J = Joffi>^i in Proposition l8.8l 

(12.5.1) ^ Homj,(7V, Ji) ^ oDeryi(r, J) ^ Deryi(r, Jq) Ext:^(7V, Ji) ^ . . . 

suggests the following characterisation. An element V e oDeryi(T, J) is given by its 
degree restriction D := i*{V) G Der^(T, Jq) and its degree 1 restriction Vd := 
V\^j^ G Hom^(A/', Ji) which should satisfy the following Leibniz rule: For all i in T 
and n in TV 

(12.5.2) \/D{tn)=tVD{n)+D{t)n. 

With notation as in Proposition 112.21 recall that n{r/S/A) ~ d{ds/A®^T) in the 
transitivity sequence oi A ^ S ^ F: 

(12 5 3) ° ^ oD°''s(^' ^s/A®r) ^ oDer^(r, ^s/A®r) ^ Der^(5, ^s/a^T) ^ 

^-R\s,r,^is/A®r) ^ ... 

Hence K,{r/S/A) = if and only if there exists a D E Der/i(T, r25/yi(g)T) which 
restricts to ds/A®^T and a Vd £ Homy^(TV, r^s/yiSSTV) satisfying (|12.5.2p . As a 
well known special case (5 — T) we get at7-/yi(TV) = if and only if there exists a 

V G Hom^(TV, riT/yi®TV) satisfying (|12.5.2p with D = dr/A G Deryi(T, rj^/^) (i.e. 

V is a connection), or equivalently, a graded derivation T) G oDer/i(T, ilT^/yi^TT) 
restricting to dx/A- Note that (jl2.5.ip with J = ri7-/yi(g)TT equals (jl2.5.3p in this 
case. 

Recall the maps of cohomology groups <j]{I) and Tj{I) in (|8.9.1I) and (|8.9.2p . 

Proposition 12.6. In addition to the assumptions in Lemma 18.91 suvvose A^ S 
is a ring homomorphism. For j = 1,2 the following holds: 

(i) The map a^{ilg^A) takes k{Fq / S / A) to K{Fj / S / A) and the Kodaira- Spencer 
maps g^* : Deryi(S') — J> {S , Fi , Fi) commute with crj, i.e. (y]g^° = g^' ■ 

(ii) Assume k{T/S/A) — and choose an S-algehra splitting a : T V®sT . 
Then T^[Vlg/A) maps K,(a,M) to K{a,Xj) and the Kodaira- Spencer maps 
g(>y.x,) . Der^(5') ^ Ext^(^i,X,) commute with t] , i.e. rjg^"'^^^ ^K^.). 

Proof, (i): Put kj = k{Fj/S/A), n = fig/ a and let F{l) : Fq ^ F2 denote the 
graded ring homomorphism induced from t. Then F{l) induces a map of short exact 
sequences kq K2, hence a map of short exact sequences F{l)^:Kq — ^ F{l)*K2, i.e. 
a2{^){Ko) = {F{L)*)~^F{L)i,Ko = K2- The maps cr2{fl) and <J2iS) commute with 
the covariant action of Der/i(S'), hence the second assertion follows from the first. 
The arguments for the cases j = 1 and (ii) are similar. □ 

There are corresponding local Kodaira- Spencer maps given as follows. Let t G 
SpecT map to s G SpecS" and consider the localisations Sp^ — > Tp^ and Sp^ — > Fp^ 
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and the mduced map A Sp^. The localisation map oH^('S', f^s/yi^s^) — >■ 
oHi(5p^,rp„f^5,,M®s,,/^pJ maps K{r/S/A) to nir^JSpJA). Let Rir^JS^JA) 
denote the image in oH"^(S'p^ , Fp^ , ^SpJA^Sp^ ^{t)) by the map induced from Fp^ 
Fp^®Sp^k{s) = F{t). Assume that Fp^ is Sp^-flat. Then the natural base change 
map 

(12.6.1) oii\m,r{t),ns^jA(^Sp^r{t)) ^ oii\Sp,,Fp^,ns^jA^Sp,r{t)) 

is an isomorphism, see |30[ II 2.2]. With this identification we define g^(t){D) := 
{f^(^idr{t))*K{FpJSpJ A) for any D in Deryi(S'p^ , fc(s)) and obtain local Kodaira- 
Spencer maps at t of F, and (similarly) of T, respectively: 

(12.6.2) 5^(i) : DerA(^p,,fc(s)) o}l\kis), Fit), F{t)) 

(12.6.3) g'^it) : DerA(^p, , H-s)) (fc(s), T(t), T{t)) 

commuting with the natural map o}i^{k{s), F{t), F{t)) H\fc(s), T(t), T(t)) in 
Proposition l8.8l Note that if yl is an algebraically closed field then Der/i ( S'p ^ , fc ( s ) ) is 
canonically isomorphic to the Zariski tangent space at any closed point s G Spec S. 

Let V and il denote Vs^ /a ^nd fts^ /a respectively. Assume F = T®N . As in 
the global case we get a graded algebra extension representing R{Fp^/ SpJ A) which 
in degree 1 is a short exact sequence a{t) : ^®M{t) k{s)®'P®Mp^ — ?■ M{t). If 
K{Fp^/ Sp^/ A) = we choose an 5'-algebra splitting a : F{t) k{s)®V(dFp^ and 
the local Kodaira-Spencer class K{a,Np^) in Ext^^j^ (A/'(t), il®A/'(t)) is represented 
by the obtained short exact sequence of T(i)-modules. Then we define the local 
Kodaira-Specer map of {Tp^/ SpJ A, cr, A/'pJ 

(12.6.4) .9^"^^\i) : Der^(5p^,fc(s)) Ext:^(,)(AA(t), AA(t)) 

hy g^'^'^\t){D) (/^0id),S(a, AApJ. 

Similarly, the class g^{t){D) is represented by a lifting of graded algebras F' 
F{t) along k{s)[e\ -J- k{s). If the lifting g'^{t){D) : F' F{t) splits, a choice 
of splitting makes the short exact sequence a{t){D) : eM{t) — > A^' — s> A/'(t) T- 
linear and defines a.{t){D) as an extension in the subspace Exty(j)(7V(t),7V(i)) of 

^^i\.,{J\f{t)M{t))- 

We assume that A is an algebraically closed field k for the rest of this section. 

Definition 12.7. Let h : S F he a. local flat map of noetherian fc-algebras and 
TV an 5-flat T-module. Put F = F®Af, A = F(g)sk, N = 7V®sfc and F{0) = 
F^S'k = A(BN. We say that {h,M) is locally modular if the local Kodaira-Spencer 
map g^{0) : Deik{S,k) oH^fc, r(0), r(0)) is injective. If in addition F = S^kA 
then TV is locally modular if 5^(0) : Derfc(S', k) — > Ext^(A^, N) is injective. 

Let ft,^* : S* — T be a faithfully flat flnite type map of noetherian fc-algebras with 
a fc-point t G SpecT mapping to s G Specs' and TV is an S-flat finite T-module. 
We say that (/i^',7V) is modular at t if the henselisation of (/i^*,A/') at t is locally 
modular. If A is a finite type fc-algebra and F = S®kA, then TV is modular at t 
as T-module if its henselisation at t is locally modular. Let V(/i,TV) (Vt(TV) if 
T = S(SikA) denote the set of fc-points t S SuppTV where {h,JV) (respectively TV as 
T-module) is modular. 

Corollary 12.8. Let /i : 5 — > T &e a finite type Cohen- Macaulay map of k-algebras 
and let TV be in mod^. Let J\f C ^ M' and C ^ M ^ N be a Df -hull and a 
MCMh- approximation for M respectively. 

(i) Suppose Homy(j)(TV(t), TW(t)) = for all t G m-SpecT {e.g. there is an 
h-regular element contained in Ann^TV). Fhen 

V{h,M) =V{h,C') and Vt{M) ^Vt{C') if F ^ S®kA . 
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(ii) Suppose llomrp^^^^{C{t),^^{t)) = for all t e m-SpecT. Then 

\7{h,J\f) ^V{h,M) and VriJ^f) ^ ^riM) if T = S(g)kA . 

Proof, (i) Let t be a fc-point in SpecT. By Theorem lS.lk f^) is a D7-(t)-hull for Af{t) 
and by Proposition 16.21 dt) is minimal if and only if Lp^ is minimal. In particular; 
the minimal hull of J\fp^ is a direct summand of C'p^ . We therefore assume that Lp^ 
and hence L(t) is minimal. 

By the condition, the map T2 in (j8.9.2p is injective. It implies that the map 
cr| : Qll\k{s),ro{t),ro{t)) oll\k{s),r2{t),r2{t)) in (pTTj) is injective and 
Proposition 112.61 gives the statement, (ii) is similar. □ 

Example 12.9. Let A be a CM finite type fc-algebra and domain of dimension 
^2. Let h: A^T = A®^ be the base change hy S ^ A and A/" = v4 be the ^-flat 
T-module defined by the multiplication map T A. Let A C SpecT denote the 
closed points on the diagonal and let t be a closed point in Spec T mapping to s in 
Spec A. If t ^ A then 7V(i) =0. If i e A then T{t) = Ap^ and 7V(t) ^ k{s). The 
local Kodaira-Spencer class K{J\f{t)) G Ext^^ i^is), flApjk®k{s)) is represented by 

(12.9.1) ^ ^A,„/k<»Hs) ^ fc(s)«)PA,„//c ^ fc(s) ^ 

sjs Sijx II 

^ m/m^ ^ A/m^ ^ k{s) 9- 

(with m = ps) where 6{x) — rfA,„/fc(2;)®l and x is induced by l(X)j2 (note that if 
x,y em then l'E>j2{xy) = l«)([j2(cc) - ji (x)] [(^2 (y) - ji{y)]) e k{s)'S>P). The local 
Kodaira-Spencer map {t) is given by the pushout 

(12.9.2) e Homfe(,)(m/m2,fc(s)) — ^ Ext^^ (fc(s), fc(s)) 3 Lp^R{M{t)) 

which is an isomorphism. By CoroUarv 112.81 we have Vt(A/') — Vt{C,') — A. Put 
Q' — Homj.(cj;i, CJ). By Proposition l9 . 71 also the local Kodaira-Spencer map 5^ (i) 
is injective for i G A. Hence Vt(Q') = A. Note that C! (t) and Q'(t) are rigid for 
t ^ A. 

Corollary 12.10. Suppose A is a finite type Cohen- Macaulay k-algehra and S a 
noetherian k-algebra and put h : S ^ T = S®kA. Let J = (fi, ■ ■ ■ , fn) be an 
A-sequence, put B = A/ J and let h : S T — S®kB be the induced Cohen- 
Macaulay map. Suppose Af is in MCM^ C mod^ and let C ^ M ^ N be an 
MCMh- approximation of M. Assume ob(r/( JT)^ -^f,J\f)= 0. Then 

Vf{Af) ^ \7t{M) nSuppf . 

Proof By Proposition [8J] there is a lifting Mi J\f oi J\f_ to Ti = T/{JT)'^. 
It induces liftings JVi{t) — > J\f{t) for all /c-points t in SuppT. The inclusion f : 
Ext|.(t)(A/'(t),A/'(f)) Ext^(t)(A4(t),X(t)) in (|11.6.ip commutes with the local 
Kodaira-Spencer maps. Proceed as in the proof of CoroUarv 112.81 □ 
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